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QUANTIZATION OF QUASI-LIE BIALGEBRAS
BENJAMIN ENRIQUEZ AND GILLES HALBOUT
Abstract. We construct quantization functors of quasi-Lie bialgebras. We establish a bi-
jection between this set of quantization functors, modulo equivalence and twist equivalence,
and the set of quantization functors of Lie bialgebras, modulo equivalence. This is based on
the acyclicity of the kernel of the natural morphism from the universal deformation complex
of quasi-Lie bialgebras to that of Lie bialgebras. The proof of this acyclicity consists in sev-
eral steps, ending up in the acyclicity of a complex related to free Lie algebras, namely, the
universal version of the Lie algebra cohomology complex of a Lie algebra in its enveloping
algebra, viewed as the left regular module. Using the same arguments, we also prove the
compatibility of quantization functors of quasi-Lie bialgebras with twists, which allows us to
recover our earlier results on compatibility of quantization functors with twists in the case
of Lie bialgebras.
Let k be a field of characteristic 0. Unless specified otherwise, “Lie algebra”, “vector space”,
etc., means “Lie algebra over k”, etc.
1. Introduction and main results
The main result of this paper is the construction of quantization functors for quasi-Lie
bialgebras. This problem was posed in [Dr4], Section 5; let us recall its formulation ([Dr2]). A
quasi-bialgebra is a 6-uple (A,m,∆,Φ, ǫ, η), where (A,m, η) is an algebra with unit, ∆ : A →
A⊗2 is an algebra morphism with counit ǫ, and Φ ∈ A⊗3 satisfies the identity (id⊗∆)(∆(a)) =
Φ(∆ ⊗ id)(∆(a))Φ−1 and the pentagon identity. Examples of quasi-bialgebras are A0 = U(a),
where a is a Lie algebra, equipped with its bialgebra structure and Φ = 1. A deformation of
A0 in the category of topologically free k[[~]]-modules (i.e., a QUE quasi-bialgebra) gives rise
to a quasi-Lie bialgebra (a, µ, δ, ϕ), the classical limit of A. A quantization functor of quasi-
Lie bialgebras is a section of the classical limit functor {QUE quasi-bialgebras} → {quasi-Lie
bialgebras}. The paper [Dr2] contains examples of quasi-Lie bialgebras, whose quantization is
not explicitly known (e.g., the quasi-Lie bialgebras from p. 1437, in the non-split case).
As in the case of Lie bialgebras, the problem of construction of quantization functors of
quasi-Lie bialgebras can be rephrased in the language of props ([McL]). In Section 2, we
introduce a complete prop QLBA of quasi-Lie bialgebras and define the notion of a quantized
symmetric quasi-bialgebra (QSQB) in QLBA. A QSQB in QLBA (which we will also call a
universal quantization functor of quasi-Lie bialgebras) then gives rise to a quantization functor
as above (it also allows to construct quantizations of quasi-Lie bialgebras in symmetric monoidal
categories, more general than that of vector spaces, like super-vector spaces, d.g.vector spaces,
etc.). We introduce the notions of equivalence and twist equivalence on the set of QSQB’s in
QLBA. We similarly introduce the notion of a QSB (quantized symmetric bialgebra) in the
prop LBA of Lie bialgebras, which is the same as the universal quantization functors from
[EK2]; there is a notion of equivalence for these QSB’s. Our main result is (Theorem 2.1):
Theorem 1.1. The map {universal quantization functors of quasi-Lie bialgebras}/(equivalence,
twist equivalence) → {universal quantization functors of Lie bialgebras}/(equivalence) is a bi-
jection.
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Together with the results of [EK1, EK2], where is constructed a map {associators over
k} → {universal quantization functors of Lie bialgebras}, and of [Dr3] on the existence of
associators over k, this result implies the existence of universal quantization functors for quasi-
Lie bialgebras.
Let us explain the idea of the proof of Theorem 1.1. According to deformation theory, there
are complexes CQLBA and CLBA, equipped with gradings, whose second and first cohomology
groups respectively contain the obstruction to lifting a quantization from degree n to degree
n + 1, and parametrize such liftings. This viewpoint in not used in the quantization of Lie
bialgebras, since the groups HiLBA are not known. (In the same way, it is not known how to
construct associators using deformation theory, see Remark 2, p. 854 in [Dr3].) However, this
viewpoint can be used in our context. Namely, we will prove:
Theorem 1.2. The canonical map HiQLBA → H
i
LBA is an isomorphism for any i ≥ 0.
This immediately implies our main result (see Section 2.5).
Let us give some details of the proof of Theorem 1.2. Our aim is to prove that the relative
complex Ker(CQLBA → CLBA) is acyclic. We introduce a filtration of the prop QLBA by the
powers of an ideal 〈ϕ〉. Our first main result result is Theorem 3.1, which gives an isomorphism
grQLBA ≃ LBAα of the associated graded prop with an explicitly presented prop. For this,
one constructs a morphism LBAα → grQLBA, which is clearly surjective (here LBAα is an
explicitly presented prop); to prove its injectivity, we use the existence of “many” quasi-Lie
bialgebras, namely, the classical twists of Lie bialgebras of the form F (c) (where c is a Lie
coalgebra) by an element r ∈ ∧2(c) (in the same way, the existence of the Lie bialgebras F (c)
is the argument underlying the structure theorem for the prop LBA, see [E, Pos]).
The associated graded (for the filtration of QLBA) of the relative complex is then the positive
degree part of the complex CLBAα . To prove that it is acyclic, we prove that its lines are.
These lines are of the form 0 → LBAκ(1,∧
q) → LBAκ(id,∧
q) → LBAκ(∧
2,∧q) → ..., where
LBAκ(X,Y ) = Coker(LBA(D ⊗ X,Y ) → LBA(C ⊗ X,Y )) and the map corresponds to κ ∈
LCA(C,D). Here C,D are sums of Schur functors of positive degree, and the differential is the
universal version of the differential of Lie algebra cohomology.
The proof of the acyclicity of this complex (Theorem 2.2, proof in Section 4) involves several
reductions. We first show that in this complex, the spaces of cochains may be modified as fol-
lows: LBAκ(∧
p,∧q) is replaced by LBAZ(∧
p,∧q) = LBA(Z⊗∧p,∧q), where Z is an irreducible
Schur functor, and the space of cochains is reduced to the sum of its components, where the
“intermediate Schur functor between Z and ∧q” is Z (this notion is based on the structure
theorem of LBA, see Proposition 3.1; we say that the intermediate Schur functor between Xi
and Yj in the summand appearing in the r.h.s. of (1) is Zij). We next introduce a filtration on
the complex, viewing ∧p as a subobject of id⊗p and counting the number of intermediate Schur
functor between the p factors id and ∧q which equal id. We identify the associated graded com-
plex with a subcomplex of 0→ LBA(Z⊗1⊗id⊗p
′′
,∧q)→ ...→ LBA(Z⊗∧p
′
⊗id⊗p
′′
,∧q)→ ...,
where the differential involves Lie brackets between the components of id⊗p
′
⊃ ∧p
′
and of these
components with Z, formed by the sums of components, where the intermediate Schur functor
between a component id of id⊗p
′
(resp., of id⊗p
′′
) and ∧q is id (resp., has degree > 1) and
antisymmetric w.r.t. Sp′′ . This subcomplex decomposes according to the intermediate Schur
functors between the factors of id⊗p
′′
and ∧q, and these subcomplexes are obtained from the
complexes C•Z′′ = (0→ LA(Z ⊗ 1⊗ (⊗
p′′
i=1Z
′′
i ),∧
q)→ ...→ LA(Z ⊗ ∧p
′
⊗ (⊗p
′′
i=1Z
′′
i ),∧
q)→ ...)
with the same differentials (the Z ′′i are irreducible Schur functors of degree> 1) by taking tensor
products with vector spaces LCA(id, Z ′′i ) and taking antiinvariants under Sp′′ . We therefore
have to show the acyclicity of the complexes C•Z′′ .
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For this, we show that ∧q may be replaced by id⊗q, Z by id⊗z, and (⊗p
′′
i=1Z
′′
i ) by id
⊗N , and
express the corresponding complex as a sum of tensor products of complexes, which reduces the
problem to a complex 0→ LA(id⊗z⊗1⊗id⊗N , id)→ ...→ LA(id⊗z⊗∧p
′
⊗id⊗N , id)→ .... The
spaces of chains are now spaces of multilinear Lie polynomials. Using Dynkin’s correspondence
between free Lie and free associative polynomials, we identify the complex with a complex
A•z,N,1, defined in terms of associative polynomials, which we decompose as a direct sum ⊕σA
•
σ
of subcomplexes, indexed by permutations. We next identify each summand A•σ with a tensor
product of “elementary” complexes. These complexes E•ǫ,ǫ′ (ǫ, ǫ
′ ∈ {0, 1}) are 1-dimensional in
each degree, and are universal versions of the complexes computing the Lie algebra cohomology
of a Lie algebra g in U(g), equipped with one of its trivial, adjoint, left or right g-module
structures. We show that two of these complexes are acyclic, using the PBW filtration of free
associative algebras (when g is a finite dimensional Lie algebra, the corresponding complexes
have 1-dimensional cohomology, concentrated in degree dim g). As E•0,1 necessarily enters the
tensor product decomposition of each subcomplex A•σ, each of the A
•
σ is acyclic, which implies
that A•z,N,1 is acyclic.
In the final section of the paper, we apply Theorem 2.2 for proving that quantization func-
tors of quasi-Lie bialgebras are compatible with twists (Proposition 5.1). This allows us to
generalize our earlier results ([EH]) on compatibility of quantization functors of Lie bialgebras
with twists, see Proposition 5.2 (in [EH], this result was established for Etingof-Kazhdan quan-
tization functors, while Proposition 5.2 applies to any quantization functor of Lie bialgebras).
2. Quantization of (quasi)Lie bialgebras
In this section, we recall the general formalism of props and its relation with the quantization
problems of (quasi)Lie bialgebras. In particular, we show that this formalism allows to recover
biquantization results of [KT]. We also formulate our main result (Theorem 2.1) and explain
the strategy of its proof.
2.1. Props. Recall the definitions of the Schur categories Sch and Sch ([EH]). These are
braided symmetric tensor categories, defined as follows. The objects of Sch are Schur functors,
i.e., finitely supported families X = (Xρ)ρ of finite dimensional vector spaces, where ρ ∈
⊔n≥0Ŝn (ρ is therefore a pair (n, πρ), where n ≥ 0 and πρ is an irreducible representation of Sn;
n is called the degree of ρ; by convention, S0 is the trivial group). The set of morphisms from X
to Y is1 Sch(X,Y ) := ⊕ρVect(Xρ, Yρ). The direct sum of objects isX⊕Y = (Xρ⊕Yρ)ρ∈⊔n≥0 bSn .
Their tensor product is X ⊗ Y = (⊕ρ′,ρ′′M
ρ
ρ′ρ′′ ⊗ Xρ′ ⊗ Yρ′′)ρ, where for ρ ∈ Ŝn, ρ
′ ∈ Ŝn′ ,
ρ′′ ∈ Ŝn′′ , then M
ρ
ρ′ρ′′ = [πρ : Ind
Sn
Sn′×Sn′′
(πρ′ ⊗ πρ′′ )] if n = n
′ + n′′ and 0 otherwise. Sch is
defined similarly, dropping the condition that X is finitely supported.
An object X of Sch or Sch is called homogeneous of degree n iff Xρ = 0 if the degree of ρ is
6= n. If X is homogeneous, we denote by |X | its degree.
We have a bijection Irr(Sch) ≃ ⊔n≥0Ŝn, where Irr(Sch) is the set of equivalence classes of
irreductible objects in Sch. The unit object of Sch is 1, which corresponds to the element of
Ŝ0. We also define id, S
p,∧p as the objects corresponding to: the element of Ŝ1, the trivial
and the signature character of Sp. We set Tp := id
⊗p and S := ⊕p≥0S
p ∈ Ob(Sch).
Recall that a prop (resp., a Sch-prop) is an additive symmetric monoidal category C,
equipped with a tensor functor Sch→ C (resp., Sch→ C), which is the identity on objects.
A prop morphism C → D is a tensor functor, such that the functors Sch → C → D and
Sch → D coincide. An ideal I of the prop C is an assignment (X,Y ) 7→ I(X,Y ), such that
1For U, V finite dimensional vector spaces, Vect(U, V ) is the set of morphisms U → V .
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(X,Y ) 7→ C/I(X,Y ) is a monoidal category. C/I is then the quotient prop. If fα ∈ C(Xα, Yα)
are morphisms in C, then the ideal 〈fα〉 is the smallest ideal I in C such that fα ∈ I(Xα, Yα).
Props may be presented by generators and relations. If V = (Vn,m)n,m≥0 is a collection
of vector spaces, there is a unique prop Free(V ), such that for any prop C, we have a bi-
jection
∏
n,mVect(Vn,m, C(Tn, Tm)) ≃ Prop(Free(V ), C) (where Prop denotes the set of prop
morphisms). If R = (Rn,m)n,m≥0 is a collection of subspaces of the Free(V )(Tn, Tm), then the
ideal generated by V with relations R is the quotient prop Free(V )/〈R〉.
We say that C is a topological prop if for any X,Y ∈ Ob(Sch) we have a filtration C(X,Y ) =
C≥0(X,Y ) ⊃ C≥1(X,Y ) ⊃ ..., complete and separated, and compatible with the prop opera-
tions; and if C(X,Y ) = C≥v(|X|,|Y |)(X,Y ) for any homogeneous X,Y , where v(x, y)→∞ when
x→∞, y being fixed, or y →∞, x being fixed. Such a C gives rise to a Sch-prop Cˆ, given by
Cˆ(X,Y ) = ⊕ˆi,jC(Xi, Yj), where X = ⊕iXi, Y = ⊕jYj are the homogeneous decompositions of
X,Y ∈ Ob(Sch) (⊕ˆ is the direct product); Cˆ is then equipped with a complete and separated
filtration, compatible with the prop operations.
2.2. Quantization functors of Lie bialgebras. If C is a topological prop, the associated
graded prop is gr(C) with gr(C)(X,Y ) := ⊕i≥0C
≥i/C≥i+1(X,Y ) for X,Y ∈ Ob(Sch). We
denote by gˆr(C) its degree completion.
A quantized symmetric bialgebra (QSB) in Cˆ is a bialgebra structure on S in Cˆ, i.e., morphisms
mC ∈ Cˆ(S
⊗2, S), ∆C ∈ Cˆ(S, S
⊗2), ǫC ∈ Cˆ(S,1), ηC ∈ Cˆ(1, S), satisfying the bialgebra relations,
and whose reductions mod Cˆ≥1 coincide with the standard (commutative, cocommutative)
bialgebra structure on S, induced by the morphism Sch→ Cˆ.
A QSB in Cˆ gives rise to a Lie bialgebra structure2 on id in gr(C), with morphisms of degree 1
(its classical limit), as follows: one shows that there exist unique morphisms µC ∈ gr
1(C)(∧2, id)
and δC ∈ gr
1(C)(id,∧2), such that (mC ◦Alt2 ◦inj
⊗2
1 mod Cˆ
≥2) = inj1 ◦µC and (Alt2 ◦∆C ◦ inj1
mod Cˆ≥2) = inj⊗21 ◦ δC (here Alt2 : S
⊗2 → S⊗2 is the antisymmetrization (without factor
1/2), we identify C(∧p,∧q) with a subspace of C(id⊗p, id⊗q) and inj1 : id→ S is the canonical
morphism); (µC , δC) then obey the Lie bialgebra relations. We say that the QSB (mC ,∆C , ǫC, ηC)
is a quantization of (µC , δC).
Let Cˆ(S, S)1 be the preimage of idS under Cˆ(S, S)→ Cˆ/Cˆ
≥1(S, S); this is a group under com-
position. This group acts on the set of QSB’s by iC ∗ (mC ,∆C , ǫC , ηC) := (iC ◦mC ◦ (i
⊗2
C )
−1, i⊗2C ◦
∆C ◦ i
−1
C , ǫC ◦ i
−1
C , iC ◦ ηC). Two QSB’s related by this group action are called equivalent.
Equivalent QSB’s have the same classical limit.
Recall that LBA is the prop with generators µ ∈ LBA(∧2, id), δ ∈ LBA(id,∧2) and relations
µ ◦ (µ⊗ idid) ◦Alt3 = 0, Alt3 ◦(δ ⊗ idid) ◦ δ = 0, δ ◦ µ = Alt2 ◦(µ⊗ idid) ◦ (idid⊗δ) ◦Alt2
(recall that µ, δ are identified with morphisms in LBA(id⊗2, id) and LBA(id, id⊗2)). Then id
is a Lie bialgebra in LBA, and it is an initial object in the category of props equipped with a
Lie bialgebra structure on id.
LBA is graded by N2, with µ, δ of degrees (1, 0), (0, 1); we denote by (degµ, degδ) this
grading; LBA is then N-graded by the total degree degµ+degδ. If x ∈ LBA(X,Y ) and X,Y, x
are homogeneous, then degµ(x) − degδ(x) = |X | − |Y |, so LBA(X,Y ) = LBA
≥||X|−|Y ||(X,Y ).
So the total degree completion of LBA is a topological prop, with associated graded LBA. We
denote by LBA the corresponding Sch-prop.
2If X is a symmetric monoidal category and X is an object of X , recall that a Lie bialgebra (resp., algebra,
Lie algebra, bialgebra...) structure on X is a pair of morphisms µX ∈ X (X
⊗2, X) and δX ∈ X (X,X
⊗2) (resp.,
mX ∈ X (X
⊗2, X), etc.), satisfying the axioms of Lie bialgebra (resp., algebra, etc.).
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We then define a quantization functor of Lie bialgebras as a QSB in LBA quantizing (µ, δ).
Two quantization functors are equivalent if they are equivalent as QSB’s. Quantization functors
of Lie bialgebras were constructed in [EK1, EK2].
If now C is a topological prop and (µC , δC) is a Lie bialgebra structure on id in C, where
the structure morphisms have positive valuation, then a quantization functor gives rise to a
QSB in Cˆ, quantizing (µC mod C
≥2, δC mod C
≥2); the structure morphisms of this QSB are the
images of the morphisms of the QSB in LBA under the prop morphism LBA→ Cˆ taking µ, δ
to µC , δC .
Remark 1. (QUE-QFSH equivalence) If V is a vector space and X,Y ∈ Ob(Sch), we set
CV0 (X,Y ) := Vect(X(V ), Y (V )); this defines a prop. By extension of scalars, it gives rise to
props CV0 [[~]], C
V
0 ((~)), with C
V
0 ((~))(X,Y ) := C
V
0 (X,Y )((~)), etc. We define two gradings on
CV0 ((~)): forX,Y homogeneous, degQUE(C
V
0 (X,Y )~
i) = |X |−|Y |+i and degQFSH(C
V
0 (X,Y )~
i) =
|Y | − |X |+ i. We then define CVQUE , C
V
QFSH by C
V
QUE(X,Y ) := the part of C
V
0 (X,Y )((~)) with
QUE-degree ≥ ||X | − |Y || and CVQFSH(X,Y ) := the part of C
V
0 (X,Y )((~)) of QFSH-degree
≥ ||X | − |Y ||, for X,Y homogeneous; these are topological props. Explicitly, CVQUE(X,Y ) =
~
max(|Y |−|X|,0)CV0 (X,Y )[[~]] and C
V
QFSH(X,Y ) = ~
max(|X|−|Y |,0)CV0 (X,Y )[[~]]. Then a QSB in
CVQUE (resp., C
V
QFSH) gives rise to a QUE deforming U(V ) (resp., a QFSH deforming Sˆ(V )),
where in both cases V is equipped with a Lie bialgebra structure. The prop automorphism
of CV0 ((~)) given by C
V
0 (X,Y )((~)) → C
V
0 (X,Y )((~)), x 7→ ~
|X|−|Y |x for X,Y homogeneous,
restricts to a prop isomorphism CVQUE ≃ C
V
QFSH , which is compatible with the correspondence
between QUE and QFSH algebras ([Dr1, Gav]); namely, we have a commuting diagram
{QSB’s in CVQUE} → {QUE algebras}
≃ ↓ ↓ ≃
{QSB’s in CVQFSH} → {QFSH algebras}
Remark 2. (Biquantization) Let A0 := k[[uv]] ⊗k[uv] k[u, v] ⊂ k[[u, v]]; this is the subring
of k[[u, v]] of series a(u, v) =
∑
i,j≥0 aiju
ivj such that for some Na, the support of (aij) is
contained in {(i, j)||i − j| ≤ Na}. We have A0 ≃ k[[uv]][u] ⊕ vk[[uv]][v] as vector spaces. We
have ring morphisms A0 → k[[u]] and A0 → k[[v]] obtained by setting v = 1, resp., u = 1.
CV0 gives rise to the prop C
V
0 [[u, v]], where C˜
V
0 [[u, v]](X,Y ) := C
V
0 (X,Y )[[u, v]] and to the
subprop CVA0(X,Y ) := C
V
0 (X,Y )[[uv]] ⊗k[uv] k[u, v] = {
∑
i,j aiju
ivj | for some Na, supp(aij) ⊂
{(i, j)||i − j| ≤ Na}} (this is C
V
0 (X,Y ) ⊗ A0 if V is finite dimensional). C
V
A0
is graded by:
degKT := degv − degu+|X | − |Y |. We denote by C
V
KT the degree zero part of C
V
A0
for this
degree; this is a prop. Explicitly, we have CVKT (X,Y ) = u
|X|−|Y |CV0 (X,Y )[[uv]] if |X | ≥ |Y |
and CVKT (X,Y ) = v
|Y |−|X|CV0 (X,Y )[[uv]] if |X | < |Y |. C˜
V
0 [[u, v]] is also graded by the total
degree degu+degv; this induces a filtration on C
V
KT , which is topological as C
V
KT (X,Y ) =
(CVKT )
≥||X|−|Y ||(X,Y ).
A QSB in the prop CVKT then gives rise to a biquantization of a Lie bialgebra structure on
V , in the sense of [KT].
Setting v = 1 (resp., u = 1), we get a prop morphisms CVA0 → C
V
0 [[u]] (resp., C
V
A0
→ CV0 [[v]]),
which restrict to prop morphisms CVKT → C
V
QFSH (resp., C
V
KT → C
V
QUE), where in the target
props ~ is replaced by u (resp., by v). The diagram of props
ր CVQUE
CVKT ↓≃
ց CVQFSH
commutes. It follows that the corresponding diagram between sets of QSB’s in all three props
commutes, so a biquantization of V arising from a QSB in CVKT gives rise to QUE and QFSH
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algebras, which correspond to each other under the category equivalence between QUE and
QFSH algebras.
If now (V, µV , δV ) is a Lie bialgebra, (uµV , vδV ) defines a Lie bialgebra structure on id in
gˆr(CVKT ) = C
V
KT , where the morphisms have positive valuation (in fact, total degree 1). A
quantization functor of Lie bialgebras then gives rise to a QSB in CVKT , i.e., a biquantization
of (V, µV , δV ) in the sense of [KT]. We recover in this way Theorem 2.3 of [KT] (where a
biquantization was constructed using the Etingof-Kazhdan construction).
2.3. Quantization functors of quasi-Lie bialgebras. Let again C be a topological prop.
A quantized symmetric quasi-bialgebra (QSQB) in Cˆ is a quasi-bialgebra structure on S in Cˆ,
whose reduction mod Cˆ≥1 coincides with the standard bialgebra structure on S, induced by the
morphism Sch → S. Explicitly, this is the data of morphisms (mC ,∆C ,ΦC, ǫC , ηC) (we often
drop ǫC, ηC) in the same spaces as above, with ΦC ∈ Cˆ(1, S
⊗3), satisfying the quasi-bialgebra
axioms
mC ◦ (mC ⊗ idS) = mC ◦ (idS ⊗mC), ∆C ◦mC = m
⊗2
C ◦ β2 ◦∆
⊗2
C ,
[(idC ⊗∆C) ◦∆C ] ∗ ΦC = ΦC ∗ [(∆C ⊗ idC) ◦∆C ],
(ηC ⊗ ΦC) ∗ [(idS ⊗∆C ⊗ idS) ◦ ΦC ] ∗ (ΦC ⊗ ηC) = [(id
⊗2
S ⊗∆C) ◦ ΦC ] ∗ [(∆C ⊗ id
⊗2
S ) ◦ ΦC ],
(idS ⊗ǫC⊗idS)◦ΦC = η
⊗2
C , (ǫC⊗idS)◦∆C = (idS ⊗ǫC)◦∆C = mC◦(ηC⊗idS) = mC◦(idS ⊗ηS) = idS ,
(we use the associativity of mC to define an associative operation ∗ : Cˆ(X,S
⊗k)⊗ Cˆ(Y, S⊗k)→
Cˆ(X⊗Y, S⊗k) by x∗y = m⊗kC ◦βk◦(x⊗y), where βk is the categorical version of x1⊗x2⊗...⊗yk 7→
x1⊗y1⊗ ...⊗xk⊗yk; the isomorphisms 1⊗X ≃ X ≃ X⊗1 for X = 1, id are implied); and the
same reduction conditions as above, together with (ΦC mod Cˆ
≥1) = inj⊗30 , where inj0 : 1→ S
is the canonical morphism (note that this condition implies that ΦC is invertible for the product
∗ on C(1, S⊗3)).
Let Cˆ(1, S⊗2)1 ⊂ Cˆ(1, S
⊗2) be the set of FC such that (FC mod Cˆ
≥1) = inj⊗20 and (ǫC ⊗
idS)◦FC = (idS ⊗ǫC)◦FC = ηC . Let (mC , ...) be a QSQB in Cˆ; when equipped with the product
∗ induced by mC , Cˆ(1, S
⊗2)1 is a group. This group acts on the set of all QSQB’s in Cˆ with
fixed mC by FC ⋆ (mC ,∆C , ǫC, ηC ,ΦC) = (mC , FC ∗ ∆C ∗ F
−1
C , ǫC , ηC , [(ηC ⊗ FC) ∗ ((idS ⊗∆C) ◦
FC)] ∗ΦC ∗ [(FC ⊗ ηC) ∗ ((∆C ⊗ idS) ◦ FC)]
−1). Two QSQB’s related in this way are called twist
equivalent.
The group Cˆ(S, S)1 acts on the set of QSQB’s in Cˆ by iC ∗ (mC , ...,ΦC) := (iC ◦ mC ◦
(i−1C )
⊗2, ..., i⊗3C ◦ ΦC). Two QSQB’s related by this group action are called equivalent.
As in [Dr2], one proves:
Proposition 2.1. 1) For any QSQB (mC ,∆C ,ΦC) in Cˆ, there exists (µC , δC , ϕC), where µC ∈
gr1(∧2, id), δC ∈ gr
1(C)(id,∧2), ϕC ∈ gr
1(C)(1,∧3), such that: (mC ◦ Alt2 ◦inj
⊗2
1 mod Cˆ
≥2) =
inj1 ◦ µC, (Alt2 ◦∆C ◦ inj1 mod Cˆ
≥2) = inj⊗21 ◦ δC, (Alt3 ◦ΦC mod Cˆ
≥2) = inj⊗31 ◦ ϕC. The
triple (µC , δC, ϕC) equips the object id with a quasi-Lie bialgebra structure in gr(C), where the
morphisms have degree 1. We call it the classical limit of (mC ,∆C ,ΦC).
2) Equivalent and twist equivalent QSQB’s have the same classical limit.
Proof. Let (mC ,∆C ,ΦC) in Cˆ. Let µ˜C := (mC ◦ Alt2 ◦inj
⊗2
1 mod Cˆ
≥2); we have µ˜C ∈
gr1(C)(∧2, S). Composing ∆C ◦ (mC ◦ Alt2) = [(mC ◦ Alt2) ⊗mC + (mC ◦ β) ⊗ (mC ◦ Alt2)] ◦
β23 ◦ (∆C ⊗ ∆C) with inj
⊗2
1 , and ∆C ◦ inj1 = inj1 ⊗ inj0 + inj0 ⊗ inj1 mod Cˆ
≥2, we get
∆S ◦ µ˜C = µ˜C ⊗ inj0 + inj0 ⊗ µ˜C , which implies the existence of µC (here ∆S : S → S
⊗2 is the
image in gr0(C) of the coproduct morphism of S ∈ Ob(Sch)).
We next prove that if x ∈ Cˆ≥k(X,S⊗n) and Ψ ∈ C(1, S⊗2) is such that (Ψ mod Cˆ≥1) = inj⊗n0 ,
then Ψ∗x∗Ψ−1 = x mod Cˆ≥k+2. Indeed, Ψ∗x∗Ψ−1 = [(Ψ−η⊗nC )∗x−x∗(Ψ−η
⊗n
C )]∗Ψ
−1;
the result then follows from Ψ− η⊗nC ∈ Cˆ
≥1(X,S⊗n) and mC −mC ◦ β ∈ Cˆ
≥1(S⊗2, S).
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It follows that (idS ⊗∆C) ◦ ∆C = (∆C ⊗ idS) ◦ ∆C mod Cˆ
≥2. Let β321;S
⊗3 → S⊗3 be the
analogue of x1 ⊗ x2 ⊗ x3 → x3 ⊗ x2 ⊗ x1. As (∆C ⊗ idS) ◦ ∆C − β321 ◦ (isS ⊗∆C) ◦ ∆C =
[(∆C − β ◦ ∆C) ⊗ idS ] ◦ ∆C + [(β ◦ ∆C) ⊗ idS ] ◦ [∆C − β ◦ ∆C ], we get [(∆C − β ◦ ∆C) ⊗
idS − idS ⊗(∆C − β ◦∆C)] ◦∆C = [idS ⊗(β ◦∆C) − (β ◦∆C) ⊗ idS ] ◦ [∆C − β ◦∆C ] mod Cˆ
≥2.
Let δ˜C := (Alt2 ◦∆C ◦ inj1 mod Cˆ
≥2); we have δ˜C ∈ gr
1(id, S⊗2). Composing this with inj1,
we get δ˜C ⊗ inj0 − inj0 ⊗ δ˜C + (∆0 ⊗ idS − idS ⊗∆0) ◦ δ˜C = 0. The degree n cohomology group
of the co-Hochschild (or Cartier) complex ... → gr1(C)(X,S⊗n) → gr1(C)(X,S⊗n+1) → ... is
gr1(C)(X,∧n), and the map taking a coboundary to its cohomology class is (1/n!) Altn. As δ˜C
is a coboundary and is antisymmetric, it coincides with its cohomology class, so there exists
the announced δC .
The pentagon equation implies that (ΦC − η
⊗3
C mod Cˆ
≥2) ∈ gr1(1, S⊗3) is a co-Hochschild
coboundary. It follows that its image by Alt3 coincides with its cohomology class, which implies
the existence of ϕC .
Before showing that the classical limit (µC , δC , ϕC) of (mC ,∆C ,ΦC) satisfies the quasi-Lie
bialgebra relations, let us show that it is invariant under twist equivalence. Let FC ∈ Cˆ(S, S)1,
let (m˜C , ∆˜C , Φ˜C) := FC ⋆ (mC ,∆C ,ΦC) and (µ˜C , δ˜C , ϕ˜C) be its classical limit. As m˜C = mC ,
µ˜C = µC . We have ∆˜C − β ◦ ∆˜C = FC ∗ ∆C ∗ F
−1
C − (β ◦ FC) ∗ (β ◦ ∆C) ∗ (β ◦ F
−1
C ) =
FC ∗(∆C−β ◦∆C)∗F
−1
C +FC ∗ [(β ◦∆C)∗(F
−1
C ∗(β ◦FC))−(F
−1
C ∗(β ◦FC))∗(β ◦∆C)]∗(β ◦F
−1
C );
it follows that ∆˜C − β ◦ ∆˜C = ∆C − β ◦ ∆C mod Cˆ
≥3, so δ˜C = δC . Finally, (Φ˜C − η
⊗3
C mod
Cˆ≥2) = (ΦC − η
⊗3
C mod Cˆ
≥2) + d(FC − η
⊗2
C mod Cˆ
≥2), where d is the co-Hochschild differential,
which implies that ϕ˜C = ϕC .
We have (mC ◦Alt2) ◦ [(mC ◦Alt2)⊗ idS ] ◦Alt3 = 0 (equality in Cˆ
≥2); composing with inj1
and taking the class modulo Cˆ≥3, we get µC ◦ (µC ⊗ idid) ◦Alt3 = 0.
We have [Alt2 ◦∆C]◦[mC◦Alt2] = [m
(2)
C −m
(2)
C ◦βS⊗2 ]◦[(Alt2 ◦∆C)⊗∆C+(β◦∆C)⊗(Alt2 ◦∆C)],
where m
(2)
C : S
⊗2 ⊗ S⊗2 → S⊗2 is (mC ⊗mC) ◦ β2 and βS⊗2 : S
⊗2 ⊗ S⊗2 → S⊗2 ⊗ S⊗2 is the
braiding; this equality takes place in Cˆ≥2. Composing with inj⊗21 and taking the class modulo
Cˆ≥3, we get δC ◦ µC = Alt2 ◦(µC ⊗ idid) ◦ (idid⊗δC) ◦Alt2.
We have (idS ⊗∆C−∆C⊗ idS)◦∆C = [m
(3)
C −m
(3)
C ◦βS⊗3 ]◦{(ΦC−η
⊗3
C )⊗ [(∆C⊗ idS)◦∆C ]};
also Alt3 ◦(idS ⊗∆C −∆C ⊗ idS) ◦∆C = −
1
2 Alt3 ◦[(Alt2 ◦∆C) ⊗ idS ] ◦ [Alt2 ◦∆C ]; so (equality
in Cˆ≥2; as m
(3)
C , βS⊗3 commute with the action of S3, we get −
1
2 Alt3 ◦[(Alt2 ◦∆C) ⊗ idS ] ◦
[Alt2 ◦∆C ] = [m
(3)
C −m
(3)
C ◦ βS⊗3 ] ◦ {[Alt3 ◦(ΦC − η
⊗3
C )]⊗ [(∆C ⊗ idS) ◦∆C ]}; this equality holds
in Cˆ≥2; taking its class modulo Cˆ≥3 and composing with inj1, we get Alt3 ◦(δC ⊗ idid) ◦ δC =
Alt3 ◦(µ⊗ idid⊗3) ◦ (idid⊗ϕC).
Using the co-Hochschild complex, one may find a twist FC with FC⋆(mC ,∆C ,ΦC) = (mC , ∆˜C , Φ˜C),
where (Φ˜C − η
⊗3
C mod Cˆ
≥2) = inj⊗31 ◦ ϕC . Let ϕ˜C := ΦC − η
⊗2
C . Set ϕ˜
2,3,4
C := ηC ⊗ ϕ˜C ,
ϕ˜1,2,34C := (id
⊗2
S ⊗∆˜C) ◦ ϕ˜C , etc. Then the pentagon equation yields ϕ˜
1,2,34
C + ϕ˜
12,3,4
C − ϕ˜
2,3,4
C −
ϕ˜1,23,4C − ϕ˜
1,2,3
C = ϕ˜
2,3,4
C ∗ ϕ˜
1,23,4
C + ϕ˜
2,3,4
C ∗ ϕ˜
1,2,3
C + ϕ˜
1,23,4
C ∗ ϕ˜
1,2,3
C − ϕ˜
1,2,34
C ∗ ϕ˜
12,3,4
C + ϕ˜
1,2,3
C ∗
ϕ˜1,23,4C ∗ ϕ˜
1,2,3
C . As ϕC ∈ Cˆ
≥1(1,∧3), we have ϕ˜12,3,4C = ϕ˜
1,3,4
C + ϕ˜
2,3,4
C mod Cˆ
≥2. It follows that
ϕ˜1,2,34C − ϕ˜
1,23,4
C + ϕ˜
12,3,4
C − ϕ˜
1,2,3
C − ϕ˜
2,3,4
C = ϕ˜
2,3,4
C ∗ ϕ˜
1,3,4
C − ϕ˜
1,2,4
C ∗ ϕ˜
1,3,4
C + ϕ˜
1,2,4
C ∗ ϕ˜
1,2,3
C mod Cˆ
≥3.
The r.h.s. of this equality belongs to Cˆ≥2, and because of the form of (ϕ˜C mod Cˆ
≥2), so does its
l.h.s. Compose both sides of this equality with Alt4. As ϕ˜
1,2,3
C = −ϕ˜
1,3,2
C mod Cˆ
≥2, ϕ˜2,3,4C ∗ ϕ˜
1,3,4
C
is symmetric in indices 3,4 modulo Cˆ≥3; the image in in gr2(C) of the composition of this term
with Alt4 is then zero; in the same way, so it the image of the composition of the r.h.s. with Alt4.
It follows that the image in gr2(C) of Alt4 ◦(ϕ˜
12,3,4
C − ϕ˜
1,23,4
C + ϕ˜
1,2,34
C − ϕ˜
2,3,4
C − ϕ˜
1,2,3
C ) = 0. As
δ˜C = δC , (Alt2⊗ id
⊗2
S )◦ϕ˜
12,3,4
C = (δC◦id
⊗2
id
)◦ϕC in gr
2(C). We then get Alt4 ◦(δC⊗id
⊗2
id
)◦ϕC = 0.
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If now iC ∈ Cˆ(S, S)1, we have iC ◦ inj1 = inj1 mod Cˆ
≥2, which implies that the classical limit
is invariant under equivalence. 
Let QLBA be the prop with generators µ ∈ QLBA(∧2, id), δ ∈ QLBA(id,∧2), ϕ ∈ QLBA(1,∧3)
and relations
µ ◦ (µ⊗ idid) ◦Alt3 = 0, δ ◦ µ = Alt2 ◦(µ⊗ idid) ◦ (idid⊗δ) ◦Alt2,
Alt3 ◦(δ ⊗ idid) ◦ δ = Alt3 ◦(µ⊗ id
⊗3
id
) ◦ (idid⊗ϕ), Alt4 ◦(δ ⊗ id
⊗2
id
) ◦ ϕ = 0.
This prop is graded by {(u, v) ∈ Z2|v ≥ 0, 2u + v ≥ 0}, with µ, δ, ϕ of degrees (1, 0), (0, 1),
(−1, 2); we denote this degree (degµ, degδ). QLBA is then N-graded by the total degree
degµ+degδ; the generators have then degree 1. If x ∈ QLBA(X,Y ) and x,X, Y are ho-
mogeneous, then degµ(x) − degδ(x) = |X | − |Y |, so QLBA(X,Y ) = QLBA
≥ 13 ||X|−|Y ||(X,Y ),
which implies that the total degree completion of QLBA is a topological prop, with associated
graded QLBA. We denote by QLBA the corresponding Sch-prop. In the prop QLBA, the
object id is equipped with a quasi-Lie bialgebra structure, and QLBA is an initial object in
the category of props equipped with a quasi-Lie bialgebra structure on id. We have an obvious
prop morphism QLBA→ LBA, given by µ, δ, ϕ 7→ µ, δ, 0.
A quantization functor of quasi-Lie bialgebras is then a QSQB in QLBA admitting (µ, δ, ϕ)
as its classical limit. Two quantization functors are (twist) equivalent if they are as QSB’s.
We have a map {quantization functors of quasi-Lie bialgebras} → {quantization functors
of Lie bialgebras}, induced by the above morphism QLBA→ LBA; this map takes equivalent
functors to equivalent functors, and it takes two twist equivalent functors to the same image.
The main result of our paper is:
Theorem 2.1. The map {quantization functors of quasi-Lie bialgebras}/(equivalence, twist
equivalence)→ {quantization functors of Lie bialgebras}/(equivalence) is a bijection.
Remark 3. If V is a vector space, then a QSQB in CVQUE gives rise to a QHQUE algebra
deforming U(V ), in the sense of [Dr2]. A quasi-Lie bialgebra structure (µV , δV , ϕV ) on V then
gives rise to a quasi-Lie bialgebra structure on id in CVQUE , namely (µV , ~δV , ~
2ϕV ).
As above, if C is a topological prop and (µC , δC , ϕC) is a quasi-Lie bialgebra structure on
the object id in C, with morphisms of valuation ≥ 1, then a quantization functor for quasi-Lie
bialgebras yield a QSQB in Cˆ quantizing (µC , δC , ϕC) mod Cˆ
≥2.
In particular, for each quasi-Lie bialgebra structure (µV , δV , ϕV ) on a vector space V , a
quantization functor for quasi-Lie bialgebras gives rise to a QHQUE algebra quantizing V , in
the sense of [Dr2].
2.4. Deformation complexes. Let D be a prop. Set Cp,qD := D(∧
p+1,∧q+1) for p, q ∈ Z and
CD := ⊕p,q∈ZC
p,q
D ; this is a Z
2-graded vector space (hence Z-graded by the total degree). We
define a Z2-graded Lie superalgebra structure on CD as follows. For a ∈ C
p,q
D , a
′ ∈ Cp
′,q′
D , we
set a′ ⋄a := Altq+q′+1 ◦(a
′⊗ idid⊗q )◦ (idid⊗p′ ⊗a)◦Altp+p′+1, and define their Schouten bracket
[a, a′] := a ⋄ a′ − (−1)(p+q)(p
′+q′)a′ ⋄ a. The condition that (µD, δD) defines a Lie bialgebra
structure on id in D is then [µD ⊕ δD, µD ⊕ δD] = 0; the condition that (µD, δD, ϕD) defines
a quasi-Lie bialgebra structure on id is [µD ⊕ δD ⊕ ϕD, µD ⊕ δD ⊕ ϕD] = 0. The bracket with
µD ⊕ δD (resp., µD ⊕ δD ⊕ ϕD) then defines a complex structure on CD (graded by the total
degree); we denote by HiD the corresponding cohomology groups.
If C is a topological prop, we define a quotient prop C≤n by C≤n(X,Y ) = C/C
≥n+1(X,Y );
this is also a topological prop; we have a projective system ... → C≤n → ... → C≤0 and
C(X,Y ) = lim← C≤n(X,Y ).
If now (m≤nC ,∆
≤n
C ) is a QSB in C≤n with classical limit (µC , δC), then the obstruction to
extend it to a QSB in C≤n+1 belongs to H
2
gr(C)[n + 2], and the set of such extensions modulo
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equivalence is an affine space overH1gr(C)[n+1] (here [n] means the degree n part for the grading
of gr(C)); see [Dr1, GS, ShSt].
In the same way, if (m≤nC ,∆
≤n
C ,Φ
≤n
C ) is a QSQB in C≤n with classical limit (µC , δC , ϕC), then
the obstruction to extend it to degree n+1 belongs to H2gr(C)[n+ 2], and the set of extensions,
modulo equivalence and twist equivalence, is an affine space over H1gr(C)[n+ 1] (see [ShSt]). In
both cases, cohomologies are relative to the differentials defined by the classical limits.
Note that when C = LBA or QLBA, gr(C) = C. The prop morphism QLBA→ LBA induces
morphisms of complexes CQLBA → CLBA and of the cohomologies H
i
QLBA → H
i
LBA.
2.5. Proof of the main theorem. To show Theorem 2.1, we will prove:
Theorem 2.2. The maps HiQLBA → H
i
LBA are isomorphisms for any i ≥ 0.
We will prove this in Section 4.
Let us explain why this implies Theorem 2.1. We will prove inductively over n that the map
redn : {QSQB’s in QLBA≤n quantizing (µ, δ, ϕ)}/(equivalence, twist equivalence) → {QSB’s
in LBA≤n quantizing (µ, δ)} is a bijection. We denote by pr
C
n+1,n the reduction map {QSB in
Cˆ≤n+1} → {QSB in Cˆ≤n}. Then redn ◦pr
QLBA
n+1,n = pr
LBA
n+1,n ◦ redn+1.
Assume that redn is bijective and let us show that redn+1 is bijective. We first show that
it is injective. If [(m,∆,Φ)] and [(m′,∆′,Φ′)] are two classes of QSQB’s in QLBA≤n+1 with
the same image by redn+1, then the injectivity of redn implies that their images by prn+1,n
coincide. So [(m,∆,Φ)] and [(m′,∆′,Φ′)] differ by an element ω ∈ H1QLBA[n+1]. Their images
by redn+1 are classes of QSB’s in LBA≤n+1, whose reductions in LBA≤n are equivalent; these
classes differ by the image of ω under H1QLBA[n+ 1]→ H
1
LBA[n+ 1]. As this map is injective,
ω = 0 so [(m,∆,Φ)] = [(m′,∆′,Φ′)], which proves the injectivity of redn+1.
Let us now show that redn+1 is surjective. Let [(m≤n+1,∆≤n+1)] be a class of QSB in
LBA≤n+1. Set [(m≤n,∆≤n)] := p
LBA
n+1,n([(m≤n+1,∆≤n+1)]); this is the class of a QSB in
LBA≤n. Let [(m˜≤n, ∆˜≤n,Φ≤n)] be the preimage of [(m≤n,∆≤n)] by redn. The obstruc-
tion to extending it to a QSQB in QLBA≤n+1 is a cohomology class in H
2
QLBA[n + 2].
The image of this class by H2QLBA[n + 2] → H
2
LBA[n + 2] is the obstruction to extending
[(m≤n,∆≤n)] to a QSB in LBA≤n+1. The existence of [(m≤n+1,∆≤n+1)] implies that this
class in H2LBA[n + 2] is zero. As the map H
2
QLBA[n + 2] → H
2
LBA[n + 2] is injective, the ob-
struction class in H2QLBA[n + 2] is zero, and [(m˜≤n, ∆˜≤n,Φ≤n)] may be extended to a QSQB
in QLBA≤n+1. Let [(m˜≤n+1, ∆˜≤n+1,Φ≤n+1)] be such an extension. The difference between
redn+1([(m˜≤n+1, ∆˜≤n+1,Φ≤n+1)]) and [(m≤n+1,∆≤n+1)] is a cohomology class in H
1
LBA[n+1].
As the map H1QLBA[n+1]→ H
1
LBA[n+1] is surjective, this is the image of a cohomology class in
H1QLBA[n+ 1]. Substracting this cohomology class from [(m˜≤n+1, ∆˜≤n+1,Φ≤n+1)]), we obtain
a preimage of [(m≤n+1,∆≤n+1)] by redn+1.
3. Structure of the prop QLBA
In order to establish Theorem 2.2, we study the structure of QLBA.
3.1. Products of ideals in props. If C is a prop and I1, ..., In are ideals of C, then the product
I1...In is the smallest ideal containing the morphisms f1 ∗ ... ∗ fn, where fi is morphism in Ii
and ∗ is ◦ or ⊗. One defines in this way the powers In of an ideal.
3.2. Structure of the prop LBA. Define LA (resp., LCA) as the prop generated by µ ∈
LA(id⊗2, id) subject to the antisymmetry and Jacobi relation (resp., δ ∈ LCA(id, id⊗2) subject
to antisymmetry and the co-Jacobi relation). We have prop morphisms LA,LCA→ LBA. The
structure of LBA is given by
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Proposition 3.1. For (Xi)i∈I , (Yj)j∈J finite families of objects in Ob(Sch), we have an iso-
morphism
(1) LBA(⊗iXi,⊗jYj) ≃ ⊕(Zij)∈Irr(Sch)I×J [⊗i LCA(Xi,⊗jZij)]⊗ [⊗j LA(⊗iZij , Yj)],
whose inverse is the direct sum of the maps (⊗ici) ⊗ (⊗jaj) 7→ (⊗jaj) ◦ βI,J ◦ (⊗ici), where
βI,J : ⊗i(⊗jZij)→ ⊗j(⊗iZij) is the braiding morphism.
This is proved in [E, Pos]; see also Appendix A.
3.3. A filtration on QLBA. Let 〈ϕ〉 be the prop ideal of QLBA generated by ϕ and by
〈ϕ〉n is nth power. For X,Y ∈ Ob(Sch), we have a decreasing filtration QLBA(X,Y ) ⊃
〈ϕ〉(X,Y ) ⊃ 〈ϕ〉2(X,Y ) ⊃ .... As ϕ is homogeneous for the Z2-grading, so are the 〈ϕ〉n, i.e.,
〈ϕ〉n(X,Y ) = ⊕α∈Z2〈ϕ〉
n(X,Y )[α].
Lemma 3.1. This filtration is complete, i.e., ∩n≥0〈ϕ〉
n(X,Y ) = 0.
Proof. Observe that 〈ϕ〉n(X,Y ) is supported in n(−1, 2) + N(1, 0) + N(0, 1) + N(−1, 2) ⊂
(2n + N)(0, 1) + Z(1, 0). Then ∩n≥0〈ϕ〉
n(X,Y ) is supported in ∩n≥0(2n + N)(0, 1) + Z(1, 0),
which is empty. So this intersection is zero. 
The composition of QLBA restricts to a map 〈ϕ〉m(G,H)⊗〈ϕ〉n(F,G)→ 〈ϕ〉n+m(F,H), and
the tensor product restricts to 〈ϕ〉n(F,G)⊗〈ϕ〉n
′
(F ′, G′)→ 〈ϕ〉n+n
′
(F⊗F ′, G⊗G′), so QLBA ⊃
〈ϕ〉 ⊃ ... is a prop filtration. The associated graded prop is defined by grQLBA(F,G) :=
⊕n≥0 grnQLBA(F,G), where grnQLBA(F,G) = 〈ϕ〉
n(F,G)/〈ϕ〉n+1(F,G).
3.4. The graded prop LBAα. Define P to be the prop with the same generators µ˜, δ˜, ϕ˜ as
QLBA and the same relations, except for the third which is replaced by Alt3 ◦(δ˜⊗ idid) ◦ δ˜ = 0.
We now construct a prop isomorphic to P . The following general construction goes back
to [EH]. For C ∈ Ob(Sch), we have a prop LBAC defined by LBAC(F,G) := ⊕n≥0 LBA(F ⊗
Sn(C), G) (the composition is induced by the coproduct S → S⊗2). For D ∈ Ob(Sch), we
set LBAC,D(F,G) := ⊕n≥0 LBA(F ⊗ S
n(C) ⊗ D,G); for α ∈ LBA(C,D), we have a map
LBA(F ⊗Sn(C)⊗D,G)→ LBA(F ⊗Sn+1(C), G), x 7→ x◦ [idF⊗Sn(C)⊗α]◦ [idF ⊗∆n,1], where
∆n,1 : S
n+1(C)→ Sn(C)⊗C is the component n+1→ (n, 1) of the coproduct S(C)→ S(C)⊗2.
We then have commutative diagrams
LBAC,D(F,G) ⊗ LBAC(G,H)
⊕LBAC(F,G) ⊗ LBAC,D(G,H)
→ LBAC,D(F,H)
↓ ↓
LBAC(F,G) ⊗ LBAC(G,H) → LBAC(F,H)
and
LBAC,D(F,G) ⊗ LBAC(F
′, G′)
⊕LBAC(F,G) ⊗ LBAC,D(F
′, G′)
→ LBAC,D(F ⊗ F
′, G⊗G′)
↓ ↓
LBAC(F,G) ⊗ LBAC(F
′, G′) → LBAC(F ⊗ F
′, G⊗G′)
induced by the composition and tensor product, which implies that if
LBAα(F,G) := Coker[LBAC,D(F,G)→ LBAC(F,G)],
then we have a prop morphism LBAC → LBAα.
In what follows, we will set C := ∧3, D := ∧4, α := pr4◦Alt4 ◦(δ⊗idid)◦inj3 ∈ LBA(∧
3,∧4),
where inj3 : ∧
3 → id⊗3 and pr4 : id
⊗4 → ∧4 are the canonical injection and projection.
Lemma 3.2. We have a prop isomorphism LBAα ≃ P .
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Proof. Let P˜ be the prop with generators µ˜, δ˜, ϕ˜ and only relations: Lie bialgebra re-
lations between µ˜, δ˜ and ϕ˜ = 16 Alt3(ϕ˜). We have a morphism P˜ → LBA∧3 , defined by
µ˜ 7→ µ ∈ LBA(id⊗2 ⊗ S0(∧3), id) ⊂ LBA∧3(id
⊗2, id); δ˜ 7→ δ ∈ LBA(id ⊗ S0(∧3), id⊗2) ⊂
LBA∧3(id, id
⊗2); ϕ˜ 7→ inj3 ∈ LBA(1⊗S
1(∧3), id⊗3) ⊂ LBA∧3(1, id
⊗3), as inj3 =
1
6 Alt3 ◦inj3.
We also have a morphism LBA∧3 → P˜ , defined by LBA∧3(F,G) ⊃ LBA(F ⊗S
n(∧3), G) ⊃ f 7→
can(f) ◦ (idF ⊗S
n(ϕ˜)) ∈ P˜ (F,G), where can : LBA → P˜ is the prop morphism defined by
µ, δ 7→ µ˜, δ˜. One proves that these are inverse isomorphisms, which induce an isomorphism
LBAα ≃ P . 
3.5. A graded prop morphism LBAα → grQLBA.
Lemma 3.3. There is a unique prop morphism LBAα ≃ P → grQLBA, defined by P (id
⊗2, id) ∋
µ˜ 7→ µ ∈ LBA(id⊗2, id) = gr0QLBA(id
⊗2, id), P (id, id⊗2) ∋ δ˜ 7→ δ ∈ LBA(id, id⊗2) =
gr0QLBA(id, id
⊗2) (we have QLBA /〈ϕ〉 = LBA, so gr0QLBA = LBA), P (1, id
⊗3) ∋ ϕ˜ 7→
[ϕ] ∈ gr1QLBA(1, id
⊗3).
Proof. The images in gr0QLBA of the Jacobi relation for µ, of the cocycle relation between
µ, δ, and of the quasi-co-Jacobi relation between µ, δ, ϕ (which hold in 〈ϕ〉0 = QLBA) are
respectively, the Jacobi relation for [µ], the cocycle relation between [µ], [δ] and the co-Jacobi
relation for [δ]. The images in gr1QLBA of the relations ϕ =
1
6 Alt3(ϕ), Alt4((δ⊗ id
⊗2
id
)(ϕ)) = 0
(which hold in 〈ϕ〉) are the similar relations, with δ, ϕ replaced by [δ], [ϕ]. It follows that we
have a prop morphism P → grQLBA, µ˜, δ˜, ϕ˜ 7→ [µ], [δ], [ϕ]. 
3.6.
Theorem 3.1. The morphism LBAα → grQLBA is a prop isomorphism.
Proof. We say that a prop morphism C → D is surjective (resp., injective) if the maps
C(F,G)→ D(F,G) are.
As QLBA is generated by µ, δ, ϕ, the prop grQLBA is generated by their classes [µ], [δ], [ϕ],
and since the generators of P ≃ LBAα map to these elements, the morphism LBAα → grQLBA
is surjective.
We now prove the injectivity of LBAα → grQLBA. For this, we construct a filtered prop
morphism QLBA → L(LCA∧2); composing the associated graded morphism grQLBA →
L(LCA∧2) with LBAα → grQLBA, we obtain a morphism LBAα → L(LCA∧2). This mor-
phism factors as LBAα → L(LCAα) → L(LCA∧2). The injectivity of LBAα → L(LCAα) is
a consequence of a general argument (already used in the proof of the structure result for the
prop LBA, see Appendix A), while the injectivity of the second morphism follows from that
of a morphism LCAα → LCA∧2 , which is a consequence of Lemma 3.6. This establishes the
injectivity of LBAα → L(LCA∧2) and therefore of LBAα → grQLBA. Let us now proceed
with the details of the proof.
We first define the auxiliary props mentioned above. LCA∧2 is the prop with generators
δLCA : id → id
⊗2, r : 1 → id⊗2, and relations: antisymmetry and co-Jacobi for δLCA, and
antisymmetry for r. Similarly, LCAα is the prop with generators
˜˜δ : id → id⊗2 and ˜˜ϕ : 1 →
id⊗3, and relations: antisymmetry and co-Jacobi for
˜˜
δ, antisymmetry for ˜˜ϕ, and Alt4 ◦(
˜˜
δ ⊗
id⊗2
id
) ◦ ˜˜ϕ = 0. One checks that there are unique Sch-props LCA∧2 , LCAα associated to these
props (for example, LCA∧2(F,G) = ⊕ˆi,j LCA∧2(Fi, Gj) for F = ⊕ˆFi, G = ⊕ˆGi). We denote
by L ∈ Ob(Sch) the “free Lie algebra” Schur functor, i.e., if V is a vector space, then L(V ) is
the free Lie algebra generated by V ; so L = L1 ⊕ L2 ⊕ ..., where L1 = id, L2 = ∧
2, etc.
We now define the prop morphism QLBA → L(LCA∧2). The universal version of the Lie
algebra bracket on L(V ) is an element µfree ∈ Sch(L
⊗2, L). The prop morphism QLBA →
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L(LCA∧2) is then defined by µ 7→ µfree (we identity µfree with its image under L(Sch) →
L(LCA∧2)), δ 7→ δfree + ad(r), where we identify δfree with its image under L(LCA) →
L(LCA∧2) (see Appendix A), and ad(r) ∈ LCA∧2(L,L
⊗2) is (µfree ⊗ idL+(idL⊗µfree) ◦
(βL,L⊗ idL))◦(idL⊗r˜), ϕ 7→
1
2 Alt3 ◦[(δfree⊗ idL)◦ r˜−(id
⊗2
L ⊗µfree)◦(idL⊗βL,L⊗ idL)◦(r˜⊗ r˜)]
(here r˜ = inj⊗21 ◦ r, where inj1 : id → L is the canonical injection). This morphism is the
propic version of the following construction: if (c, δc) is a Lie coalgebra and rc ∈ ∧
2(c), we
consider the twist by ∧2(injc1)(rc) of the Lie bialgebra (L(c), δL(c)), where δL(c) : L(c)→ L(c)
⊗2
is the unique derivation extending δc (where inj
c
1 : c → L(c) is the canonical injection); this is
a quasi-Lie bialgebra.
The powers of the prop ideal 〈r〉 define a filtration on the prop LCA∧2 ; the associated graded
prop gr LCA∧2 is canonically isomorphic to LCA∧2 . The prop morphism QLBA→ L(LCA∧2)
is compatible with the filtrations (as it takes ϕ to 〈r〉), and the associated graded morphism
grQLBA → L(LCA∧2) is given by [µ] 7→ µfree, [δ] 7→ δfree and [ϕ] 7→
1
2 Alt3 ◦(δfree ⊗ idL) ◦
inj⊗21 ◦ r. The composed morphism
(2) LBAα → grQLBA→ L(LCA∧2)
is then given by µ˜ 7→ µfree, δ˜ 7→ δfree and ϕ˜ 7→
1
2 Alt3 ◦(δfree ⊗ idL) ◦ inj
⊗2
1 ◦ r.
We now define two prop morphisms LBAα → L(LCAα) and LCAα → LCA∧2 , such that
the above morphism LBAα → L(LCA∧2) coincides with LBAα → L(LCAα)→ L(LCA∧2).
First define LBAα → L(LCAα). There is a unique morphism LBA→ L(LCA), taking µ, δ to
µfree, δfree (see Appendix A); this is the propic version of the functor {Lie coalgebras} → {Lie
bialgebras}, (c, δc) 7→ (L(c), free Lie bracket, unique cobracket extending δc). We define
LBAα → L(LCAα) by µ˜, δ˜ 7→ µfree, δfree (we identify µfree, δfree with their images in
L(LCAα)) and ϕ˜ 7→ inj
⊗2
1 ◦ ˜˜ϕ. This morphism is the propic version of {(c, δc, ϕc)|(c, δc) is a Lie
coalgebra, ϕc ∈ ∧
3(c),Alt4 ◦(δc⊗ id
⊗2
c )(ϕc) = 0} → {(a, δa, µa, ϕa)|(a, µa, δa) is a Lie bialgebra,
ϕa ∈ ∧
3(a), Alt4 ◦(δa ⊗ id
⊗2
a ) ◦ ϕa = 0}, extending the above functor by ϕa := ∧
3(injc1)(ϕc).
We then define the morphism LCAα → LCA∧2 by
˜˜δ 7→ δLCA, ˜˜ϕ 7→
1
2 Alt3(δLCA ⊗ idid) ◦ r.
One checks that (2) coincides with LBAα → L(LCAα)→ L(LCA∧2).
Let us prove that LBAα → L(LCAα) is injective. Using the symmetric group actions, this
is equivalent to proving that for any p, q ≥ 0, the map
(3) LBAα(Tp, Tq)→ LCAα(L
⊗p, L⊗q)
is injective.
Lemma 3.4. The map ⊕Z∈Irr(Sch) LCAα(Tp, Z)⊗ LA(Z, Tq)→ LBAα(Tp, Tq), induced by the
prop morphisms LCAα,LA → LBAα (
˜˜
δ, ˜˜ϕ 7→ δ˜, ϕ˜, µ 7→ µ˜) and by composition, is an isomor-
phism of vector spaces.
Proof of Lemma. Recall that C = ∧3, D = ∧4, α ∈ LBA(D,C). One may construct
as above a prop LCAC by LCAC(F,G) := ⊕n≥0 LCA(F ⊗ S
n(C), G); set LCAC,D(F,G) :=
⊕n≥0 LCA(F ⊗ S
n(C)⊗D,G), then using the fact that α ∈ LCA(D,C), one constructs a map
LCAC,D(F,G)→ LCAC(F,G) and one then checks that LCAα(F,G) = Coker[LCAC,D(F,G)→
LCAC(F,G)]. For F,G ∈ Ob(Sch), we have a commutative diagram
⊕Z∈Irr(Sch) LCAC,D(F,Z)⊗ LA(Z,G)
≃
→ LBAC,D(F,G)
↓ ↓
⊕Z∈Irr(Sch) LCAC(F,Z)⊗ LA(Z,G)
≃
→ LBAC(F,G)
whose vertical cokernel is an isomorphism
⊕Z∈Irr(Sch) LCAα(F,Z)⊗ LA(Z,G)
≃
→ LBAα(F,G);
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this isomorphism coincides with the map described in the statement of the lemma. 
We now consider the composite map
(4)
⊕Z∈Irr(Sch)LCAα(Tp, Z)⊗LA(Z, Tq)→ LBAα(Tp, Tq)→ LCAα(L
⊗p, L⊗q)→ LCAα(Tp, L
⊗q),
where the first map is described in Lemma 3.4, the middle map is (3), and the last map is
induced by the injection Tp = id
⊗p → L⊗p.
Lemma 3.5. The map (4) coincides with the composite map ⊕Z LCAα(Tp, Z)⊗ LA(Z, Tq) ≃
⊕Z LCAα(Tp, Z)⊗ Sch(Z,L
⊗q)→ LCAα(Tp, L
⊗q), where the first map is induced by the iso-
morphism LA(Z, Tq) ≃ Sch(Z,L
⊗q) and the second by composition.
Proof. Note that the isomorphism LA(Z, Tq) ≃ Sch(Z,L
⊗q) is proved in Appendix A. By
using symmetric group actions, one shows that it suffices to prove the above statement with
Z replaced by TN . We have composed prop morphisms ρ : LCAα → LBAα → L(LCAα)
and σ : LA → LBAα → L(LCAα); actually σ factors through LA → L(Sch). The map
(4) (with Z replaced by TN ) then takes f ⊗ g to σ(g) ◦ ρ(f) ◦ inj
⊗p
1 , where inj1 : id → L
is the canonical morphism, f ∈ LCAα(Tp, TN ), g ∈ Sch(TN , Tq), ρ(f) ∈ LCAα(L
⊗p, L⊗N),
σ(g) ∈ Sch(L⊗N , L⊗q).
We have ρ(f) ◦ inj⊗p1 = inj
⊗N
1 ◦ f , as this property can be checked for f = δLCA, r and is
preserved by composition and tensor products. Moreover, σ(g) ◦ inj⊗N1 ∈ LA(TN , L
⊗N) is the
image g˜ of g under LA(Z, Tq) ≃ Sch(Z,L
⊗q). It follows that (4) coincides with f ⊗ g 7→ g˜ ◦ f ,
which was to be proved. 
According to Lemma A.1, the composite map⊕Z LCAα(Tp, Z)⊗LA(Z, Tq) ≃ ⊕Z LCAα(Tp, Z)⊗
Sch(Z,L⊗q) → LCAα(Tp, L
⊗q) is an isomorphism, so Lemma 3.5 implies that the composite
map (4) is an isomorphism. The first map in (4) is also an isomorphism by Lemma 3.4, so the
map (3) is injective, which was to be proved.
Let us now prove that LCAα → LCA∧2 is injective. For this, we outline the structure of
these props. We have
LCA∧2(Tp, Tz)
= ⊕k≥0
[
⊕z′,z1,...,zk|z′+z1+...+zk=z Ind
Sz
Sz′×Sz1×...×Szk
[LCA(Tp, Tz′)⊗⊗
k
i=1 LCA(∧
2, Tzi)]
]
Sk
and
LCAα(Tp, Tz) = ⊕z≥0
[
⊕
z′,z1,...,zk|
z′+z1+...+zk=z
IndSzSz′×Sz1 ...×Szk
[LCA(Tp, Tz′)⊗
⊗ki=1 Coker{LCA(∧
4, Tzi)→ LCA(∧
3, Tzi)}]
]
Sk
.
The injectivity of LCAα → LCA∧2 , is therefore equivalent to that of Coker(LCA(∧
4, Tz) →
LCA(∧3, Tz))→ LCA(∧
2, Tz); in other terms, we have a sequence LCA(∧
4, Tz)
−◦Alt4 ◦(δ⊗id
⊗2
id
)
→
LCA(∧3, Tz)
−◦Alt3 ◦(δ⊗idid)
→ LCA(∧2, Tz) where the composite map is zero, and we should prove
that the homology vanishes.
To prove this, we will prove that the second homology of the complex
(5)
...→ LA(Tz,∧
4)
Alt3 ◦(µ⊗id
⊗2
id
))◦−
→ LA(Tz,∧
3)
Alt2 ◦(µ⊗idid))◦−
→ LA(Tz,∧
2)
µ◦−
→ LA(Tz, id)→ 0
vanishes. We will prove more generally:
Lemma 3.6. If z ≥ 2, the complex (5) is acyclic; if z = 1, its homology is 1-dimensional,
concentrated in degree 0.
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Proof. Let Lz (resp., Az) be the free Lie (resp., associative) algebra with generators x1, ..., xz .
The spaces are both graded by ⊕zi=1Nδi, where |xi| = δi. For V a vector space graded by
⊕zi=1Nδi, and I ⊂ [1, z], we denote by VI the part of V of degree
∑
i∈I δi. We have LA(Tz,∧
k) ≃
(∧k(Lz))[1,z]. This isomorphism takes the complex (5) to
(6) ...
Alt3 ◦(µL⊗id
⊗2)
→ (∧3(Lz))[1,z]
Alt2 ◦(µL⊗id)
→ (∧2(Lz))[1,z]
µL
→ (Lz)[1,z] → 0
where µL is the Lie bracket of Lz .
Let Partk(I) be the set of k-partitions of a set I, i.e., of the kuples (I1, ..., Ik) with ⊔
k
i=1Ii = I.
The group Sk acts on Partk([1, z]), and we have a decomposition
(∧k(Lz))[1,z] = ⊕[(I1,...,Ik)]∈Partk([1,z])/Sk(∧
k(Lz))[(I1,...,Ik)],
where the summand in the r.h.s. is the space of antisymmetric tensors in ⊕σ∈Sn(Lz)Iσ(1) ⊗ ...⊗
(Lz)Iσ(k) .
We have a bijection {(I ′1, [(I2, ..., Ik)])|I
′
1 ⊂ [2, z], [(I2, ..., Ik)] ∈ Partk−1([2, z]−I
′
1)/Sk−1} →
Partk([1, z]), taking (I
′
1, [(I2, ..., Ik)]) to [(I
′
1⊔{1}, I2, ..., Ik)]. The inverse bijection takes [(I1, ..., Ik)]
to (Ii − {1}, [(I1, ..., Ii−1, Ii+1, ..., Ik)]), where i ∈ [1, k] is the index such that 1 ∈ Ii.
For (I ′1, [(I2, ..., Ik)]) in the first set, we have an isomorphism
(∧k(Lz))[(I′1⊔{1},I2,...,Ik)] ≃ (Lz)I′1⊔{1} ⊗ (∧
k−1(Lz))[(I2,...,Ik)]
(whose inverse is given by Altk, or, up to a factor, by the sum of all cyclic permutations if k is
odd, and their alternated sum if k is even), which gives rise to an isomorphism
(∧k(Lz))[1,z] ≃ ⊕(I′1,[(I2,...,Ik)])(Lz)I′1⊔{1} ⊗ (∧
k−1(Lz))[(I2,...,Ik)] ⊂ (Lz ⊗ ∧
k−1(Lz))[1,z].
We have a complex
(7) ...→ (Lz ⊗ ∧
2(Lz))[1,z] → (Lz ⊗ Lz)[1,z] → (Lz)[1,z] → 0,
where the differential (Lz⊗∧
k(Lz))[1,z] → (Lz⊗∧
k−1(Lz))[1,z] is induced by x0⊗(x1∧...∧xk) 7→∑k
i=1(−1)
i+1[x0, xi]⊗ (x1∧ ...xˇi...∧xk)+
∑
1≤i<j≤k(−1)
j+1x0⊗ (x1∧ ...∧ [xi, xj ]∧ ...xˇj ...∧xk).
If I, J ⊂ [1, z] are disjoint, we have [(Lz)I , (Lz)J ] ⊂ (Lz)I∪J , which implies that if
Ck := ⊕(I′1,[(I2,...,Ik)])(Lz)I′1⊔{1} ⊗ (∧
k−1(Lz))[(I2,...,Ik)],
then
...→ C2 → C1 → 0
is a subcomplex of (7), isomorphic to (6).
For I ′ ⊂ [2, z], we have an isomorphism (Az)I′ → (Lz)I′∪{1}, given by xi1 ...xis 7→ [[[x1, xi1 ], xi2 ], ..., xis ];
the inverse isomorphism is the restriction of the map (Az)I′∪{1} → (Az)I′ taking a monomial
not starting with x1 to 0, and a monomial starting with x1 to the same monomial with the x1
removed (see [B]).
The compatibility of these isomorphisms with the Lie bracket can be described as follows:
for I ′, I ⊂ [2, z] disjoint, we have a commutative diagram
(Az)I′ ⊗ (Lz)I → (Az)
↓ ↓
(Lz)I′∪{1} ⊗ (Lz)I → (Lz)I∪I′∪{1}
where the upper horizontal map is induced by the product in Az (Lz being viewed as a subspace
of Az) and the lower horizontal map is induced by the Lie bracket of Lz.
We have a complex
(8) ...→ (Az ⊗ ∧
2(Lz))[2,z] → (Az ⊗ Lz)[2,z] → (Az)[2,z] → 0,
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where the map (Az ⊗ ∧
k(Lz))[2,z] → (Az ⊗ ∧
k−1(Lz))[2,z] is induced by x0 ⊗ (x1 ∧ ... ∧ xk) 7→∑k
i=1(−1)
i+1x0xi ⊗ x1 ∧ ...xˇi... ∧ xk +
∑
1≤i<j≤k(−1)
j+1x0 ⊗ x1 ∧ ... ∧ [xi, xj ] ∧ ...xˇj ... ∧ xk.
The isomorphisms (Lz)I′1∪{1} ≃ (Az)I′1 induce isomorphisms Ck ≃ ⊕(I′1,[(I2,...,Ik)])(Az)I′1 ⊗
(∧k−1(Lz))[(I2,...,Ik)] = (Az⊗∧
k−1(Lz))[2,z], which are compatible with the differentials. Hence
the complex (8) is isomorphic to ...→ C2 → C1 → C0 → 0.
The complex (8) is the degree δ2 + ...+ δk part of the complex
(9) ...→ Az ⊗ ∧
2(Lz)→ Az ⊗ Lz → Az → 0,
where the differentials are defined by the same formulas.
Define a complete increasing filtration on (9) by Filn[Az ⊗ ∧
k(Lz)] = (Az)≤n−k ⊗ ∧
k(Lz),
where (Az)≤n is the part of degree ≤ n of Az ≃ U(Lz) (i.e., the span of products of ≤ n
elements of Lz). The associated graded complex is the sum over n ≥ 0 of complexes ∧
n(Lz)→
...→ Sn−1(Lz)⊗ Lz → S
n(Lz)→ 0, which add up to the Koszul complex
...→ S(Lz)⊗ ∧
2(Lz)→ S(Lz)⊗ Lz → S(Lz)→ 0,
where the differential S(Lz)⊗∧
k(Lz)→ S(Lz)⊗∧
k−1(Lz) is f⊗(x1∧...∧xk) 7→
∑k
i=1(−1)
i+1fxi⊗
(x1 ∧ ...xˇi... ∧ xk).
Now if V is a vector space, the Koszul complex
C(V ) := [...→ S(V )⊗ ∧2(V )→ S(V )⊗ V → S(V )→ 0]
is a sum of complexes, graded by N (this degree corresponds to p + q in Sp(V ) ⊗ ∧q(V )). It
is well-known that the homology of this complex is concentrated in homological degree 0 and
in degree 0, where it is equal to k. Recall a proof. One checks this directly when V is one-
dimensional; we have isomorphisms C(V ⊕W ) ≃ C(V )⊗C(W ) of N-graded complexes, which
implies the statement when V is finite dimensional. It follows that the Koszul complex in Sch
... → S ⊗ ∧2 → S ⊗ id → S → 0 has its homology concentrated in homological degree 0 and
degree 0, where it equals 1. This implies the statement in general.
It follows that the homology of (9) is concentrated in degree 0, where it is equal to k; a
non-trivial homology class is that of 1 ∈ Az . It follows that the degree δ2 + ...+ δz part of this
complex is acyclic if z ≥ 2, i.e., (8) is acyclic if z ≥ 2. The computation of the homology of (9)
is straightforward when z = 1. 
This ends the proof of Theorem 3.1. 
4. Comparison of cohomology groups
We now prove Theorem 2.2. The morphism of complexes CQLBA → CLBA is surjective, so
we have an exact sequence 0→ Ker(CQLBA → CLBA)→ CQLBA → CLBA → 0, inducing a long
exact sequence in cohomology. The isomorphisms HiQLBA ≃ H
i
LBA will then follow from the
vanishing of the relative cohomology, i.e., the cohomology of the complex Ker(CQLBA → CLBA).
Note that the complex CQLBA has a complete descending filtration F
i(Cp,qQLBA) := 〈ϕ〉
i(∧p,∧q).
The associated graded complex is the Schouten complex CLBAα of LBAα, equipped with the
differential [µ˜⊕ δ˜,−]; unlike CQLBA, this is the total complex of a bicomplex, as the differentials
have now degrees (1, 0) and (0, 1). The relative complex Ker(CQLBA → CLBA) coincides with
the first step F 1(CQLBA) of the complex CQLBA; its associated graded is the positive degree (in
ϕ˜) part of the Schouten complex CLBAα . To prove that the relative complex is acyclic, it then
suffices to prove that the positive degree part in ϕ˜ of the complex CLBAα is acyclic.
Explicitly, recall that CLBAα = ⊕p,q LBAα(∧
p,∧q), and denoting by LBA(i)α (X,Y ) the degree
i (in ϕ˜) of LBAα(X,Y ), the bicomplex (CLBAα , [µ˜⊕ δ˜,−]) splits up as ⊕i≥0(C
(i)
LBAα
, [µ˜⊕ δ˜,−]),
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where (C
(i)
LBAα
)p,q = LBA(i)α (∧
p,∧q), and we wish to prove that for i > 0, the total cohomology
of (C
(i)
LBAα
, [µ˜⊕ δ˜,−]) is zero. For this, we will prove that the lines of this complex are acyclic.
We will prove more generally:
Theorem 4.1. Let C,D be homogeneous Schur functors of positive degrees, let κ ∈ LCA(C,D).
Let LBAκ(X,Y ) := Coker[LBA(D⊗X,Y )→ LBA(C⊗X,Y )]. Then for any q ≥ 0, the complex
(LBAκ(∧
p,∧q), [µ,−])p≥0 is acyclic.
Proof. Let us make this complex explicit. For Z ∈ Irr(Sch), define µZ ∈ LA(id ⊗ Z,Z)
and µ˜Z ∈ LA(Z ⊗ id, Z) as follows: µTp ∈ LA(id ⊗ T
p, Tp) is the universal version of x ⊗
x1 ⊗ ... ⊗ xp 7→
∑p
i=1 x1 ⊗ ... ⊗ [x, xi] ⊗ ... ⊗ xp; as it is Sp-equivariant, it decomposes under
LA(id ⊗ Tp, Tp) ≃ ⊕Z,W ||Z|=|W |=p LA(id ⊗ Z,W ) ⊗ Vect(πZ , πW ) as ⊕ZµZ ⊗ idπZ . We then
set µ˜Z := −µZ ◦ βZ,id, where βZ,id : Z ⊗ id→ id⊗ Z is the braiding morphism.
Then [µ,−] : LBA(C ⊗ ∧p,∧q) → LBA(C ⊗ ∧p+1,∧q) is the composed map LBA(C ⊗
∧p,∧q) → LBA(C ⊗ ∧p ⊗ id,∧q) → LBA(C ⊗ ∧p+1,∧q), where the first map is x 7→ x ◦
(idC ⊗µ˜∧p) − µ˜∧q ◦ (x ⊗ idid) and the second map is y 7→ y ◦ Altp+1. We have a similar
differential, with C replaced by D, and κ induces a commutative diagram
LBA(D ⊗ ∧p,∧q) → LBA(D ⊗ ∧p ⊗ id,∧q) → LBA(D ⊗ ∧p+1,∧q)
↓ ↓ ↓
LBA(C ⊗ ∧p,∧q) → LBA(C ⊗ ∧p ⊗ id,∧q) → LBA(C ⊗ ∧p+1,∧q)
The cokernel of this diagram is LBAκ(∧
p,∧q) → LBAκ(∧
p ⊗ id,∧q) → LBAκ(∧
p+1,∧q) and
the composed map is the differential of our complex.
Recall that forXi, Y ∈ Ob(Sch), i = 1, ..., n, we have an isomorphism LBA(X1⊗...⊗Xn, Y ) ≃
⊕Z1,...,Zn∈Irr(Sch) LCA(X1, Z1)⊗...⊗LCA(Xn, Zn)⊗LA(Z1⊗...⊗Zn, Y ) = ⊕Z1,...,Zn LBA(X1⊗
...⊗Xn, Y )Z1,...,Zn . The inverse isomorphism is the direct sum of the maps c1 ⊗ ...⊗ cn ⊗ a 7→
a ◦ (c1 ⊗ ...⊗ cn). If Xi is homogeneous of positive degree, LCA(Xi,1) = 0, so the above sum
may be restricted by the condition |Zi| > 0.
We now define a complex 0→ C0
d0,1
→ C1 → ... as follows. The analogue of the above complex
[µ,−] : LBA(C ⊗∧p,∧q)→ LBA(C ⊗ ∧p+1,∧q) (with C replaced by Z) admits a subcomplex,
namely CpZ,q := ⊕Z′∈Irr(Sch) LBA(Z ⊗ ∧
p,∧q)Z,Z′ ;
dp,p+1Z,q : C
p
Z,q → C
p+1
Z,q
is then the restriction of the differential [µ,−]. We then have an isomorphism between the
complexes (LBA(C ⊗ ∧p,∧q), [µ,−])p≥0 and ⊕Z∈Irr(Sch),|Z|>0 LCA(C,Z) ⊗ (C
p
Z,q , d
p,p+1
Z,q )p≥0.
We have a similar isomorphism replacing C by D, and these isomorphisms are compatible
with the morphisms of complexes induced by κ. Taking cokernels, we get an isomorphism of
complexes
(LBAκ(∧
p,∧q), [µ,−])p≥0 ≃ ⊕Z∈Irr(Sch),|Z|>0Coker[LCA(D,Z)→ LCA(C,Z)]⊗(C
p
Z,q , d
p,p+1
Z,q )p≥0.
We now prove the acyclicity of (CpZ,q , d
p,p+1
Z,q )p≥0, for any q ≥ 0 and any Z ∈ Irr(Sch), |Z| > 0.
To lighten notation, we will denote it (Cp, dp,p+1)p≥0. We reexpress this complex as follows.
View Cp as the antisymmetric part (under the action ofSp) of C˜
p := ⊕Z1,...,Zp∈Irr(Sch) LBA(Z⊗
id⊗p,∧q)Z,Z1,...,Zp ⊂ LBA(Z ⊗ id
⊗p,∧q) (we may restrict this sum by the conditions |Zi| > 0).
Define
d˜p,p+1 : LBA(Z ⊗ id⊗p,∧q)→ LBA(Z ⊗ id⊗p+1,∧q)
by d˜p,p+1(x) := x◦(idZ ⊗µ⊗id
⊗p−1
id
)◦(
∑
1≤i<j≤p+1(−1)
i+jβij)+µ∧q◦(idid⊗x)◦(
∑
1≤i≤p+1(−1)
i+1βi),
where βij is the automorphism of Z ⊗ id
⊗p+1, universal version of z ⊗ x1 ⊗ ... ⊗ xp+1 7→
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z ⊗ xi ⊗ xj ⊗ x1 ⊗ ...xˇi...xˇj ... ⊗ xp+1, and βi : Z ⊗ id
⊗p+1 → id ⊗ Z ⊗ id⊗p is the univer-
sal version of z ⊗ x1 ⊗ ... ⊗ xp+1 7→ xi ⊗ z ⊗ x1 ⊗ ...xˇi... ⊗ xp+1. Then d˜
p,p+1 restricts to
dp,p+1 : Cp → Cp+1.
We now introduce a filtration on Cp. Let (C˜p)≤p
′
⊂ C˜p be the sum of all terms where
card{i|Zi = id} ≤ p
′. This subspace is invariant under the action of Sp, so its totally antisym-
metric part is a subspace (Cp)≤p
′
⊂ Cp.
Lemma 4.1. dp,p+1((Cp)≤p
′
) ⊂ (Cp+1)≤p
′+1.
Proof. To prove this, we will prove that d˜p,p+1((C˜p)≤p
′
) ⊂ (C˜p+1)≤p
′+1. If x ∈ LBA(Z ⊗
id
⊗p,∧q)Z,Z1,...,Zp , then µ∧q◦(idid⊗x)◦βi is clearly in LBA(Z⊗id
⊗p+1,∧q)Z,Z1,...,Zi−1,id,Zi,...,Zp .
Here card{i|Zi = id} has been increased by 1. Moreover, for any W ∈ Irr(Sch), the image of
LCA(id,W ) → LBA(id⊗2,W ), c 7→ c ◦ µ lies in ⊕W1,W2∈Irr(Sch),|Wi|>0,
|W1|+|W2|=|W |+1
LBA(id⊗2,W )W1,W2 . So
x ◦ (idZ ⊗µ⊗ id
⊗p−1
id
) ◦ βij lies in
(10) ⊕W1,W2∈Irr(Sch) ||W1|+|W2|=|Z1|+1LBA(Z⊗ id
⊗p+1,∧q)Z,Z2,...,Zi,W1,Zi+1,...,Zj−1,W2,Zj ,...,Zp .
When (W1,W2) ∈ Irr(Sch) are such that |Wi| > 0, |W1|+ |W2| = |Z|+ 1, {i||Wi| = 1} is ≤ 1 if
|Z1| > 1 and = 2 if |Z1| = 1. So in the summands of (10), card{i||Zi| = 1} is increased by at
most 1. 
It follows that the differential dp,p+1 is compatible with the filtration (Cp)≤0 ⊂ (Cp)≤1 ⊂
... ⊂ (Cp)≤p = Cp. To prove that it is acyclic, we will prove that the associated graded complex
is acyclic. For this, we first determine this associated graded complex.
For p′+p′′ = p, let C˜p
′,p′′ := ⊕Z′′1 ,...,Z′′p′′∈Irr(Sch),|Z
′′
i
|6=0,1 LBA(Z⊗id
⊗p′⊗idp
′′
,∧q)Z,id,...,id,Z′′1 ,...,Z′′p′′ .
Let Cp
′,p′′ be the antisymmetric part of this space w.r.t. the action of Sp′ ×Sp′′ .
Lemma 4.2. (Cp)≤p
′
/(Cp)≤p
′−1 = Cp
′,p′′ , where p′′ = p− p′.
Proof. (C˜p)≤p
′
/(C˜p)≤p
′−1 = ⊕Z1,...,Zp∈Irr(Sch),|Zi|>0,card{i|Zi=id}=p′ LBA(Z⊗id
⊗p,∧q)Z,Z1,...,Zp .
(Cp)≤p
′
/(Cp)≤p
′−1 is the Sp-antiinvariant part of this space, which identifies with the Sp′ ×
Sp′′ -antiinvariant part of C˜
p′,p′′ , i.e., Cp
′,p′′ . The isomorphism3
[⊕card{i|Zi=id} LBA(Z⊗id
⊗p,∧q)]S
−
p → [⊕|Z′′
i
|>1 LBA(Z⊗id
⊗p,∧q)Z,id,...,id,Z′′1 ,...,Z′′p′′ ]
(Sp′×Sp′′ )
−
is given by projection on the relevant components, and the inverse isomorphism is given by
the action of (1/p!)
∑
σ∈Sp
ǫ(σ)σ (or (p′!p′′!/p!)
∑
σ∈Sp′,p′′
ǫ(σ)σ, where Sp′,p′′ is the set of
p′, p′′-shuffle permuations). 
Define
d˜p
′,p′+1|p′′ : LBA(Z ⊗ id⊗p
′
⊗ id⊗p
′′
,∧q)→ LBA(Z ⊗ id⊗p
′+1 ⊗ id⊗p
′′
,∧q)
by x 7→ x◦(idZ ⊗µ⊗id
⊗p−1
id
)◦(
∑
1≤i<j≤p′+1(−1)
i+j+1βij)+x◦(µZ⊗id
⊗p
id
)◦(
∑
1≤i≤p′+1(−1)
i+1βi).
Lemma 4.3. The map d˜p
′,p′+1|p′′ restricts to maps C˜p
′,p′′ → C˜p
′+1,p′′ and dp
′,p′+1|p′′ : Cp
′,p′′ →
Cp
′+1,p′′ , and the map (Cp)≤p
′
/(Cp)≤p
′−1 → (Cp+1)≤p
′+1/(Cp+1)≤p
′
induced by dp,p+1 coin-
cides with dp
′,p′+1|p′′ , where p′′ = p− p′.
For each p′′, (Cp
′,p′′ , dp
′,p′+1|p′′)p′≥0 is therefore a complex (this can be checked directly); it
is embedded in the similar complex, where the restrictions |Z ′′i | 6= 0, 1 are dropped, which is
3For M a module over
Q
i Spi , we denote by M
(
Q
i Spi )
−
the component of M of type ⊗iǫi, where ǫi is the
signature character of Spi .
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the universal version of the complex computing Hp
′
(a, Z(a)∗)⊗ ∧p
′′
(a)∗ ⊗ ∧q(a), where a is a
Lie bialgebra.
Proof. If x ∈ LBA(Z ⊗ id⊗p
′
⊗ id⊗p
′′
,∧q)Z,id,...,id,Z′′1 ,...,Z′′p′′ , then one checks that both x ◦
(idZ ⊗µ⊗id
⊗p−1
id
)◦βij and x◦(µZ⊗id
⊗p
id
)◦βi lie in LBA(Z⊗id
⊗p′+1⊗id⊗p
′′
,∧q)Z,id,...,id,Z′′1 ,...,Z′′p′′ ,
which implies that d˜p
′,p′+1|p′′ induces a map C˜p
′,p′′ → C˜p
′+1,p′′ . The map d˜p
′,p′+1|p′′ maps the
Sp′ ×Sp′′ -antisymmetric part of LBA(Z ⊗ id
⊗p′ ⊗ id⊗p
′′
,∧q) to its analogue with p′ increased
by 1, so it restricts to a map dp
′,p′+1|p′′ : Cp
′,p′′ → Cp
′+1,p′′ .
Let us now show that the map Cp
′,p−p′ → Cp
′+1,p−p′ induced by dp,p+1 : (Cp)≤p
′
→
(Cp+1)≤p
′+1 is dp
′,p′+1|p−p′ .
Let Z1, ..., Zp ∈ Irr(Sch) be such that Zi = id for i ≤ p
′ and |Zi| > 1 if i ≥ p
′ + 1. Let
y ∈ LBA(Z ⊗ id⊗p,∧q)Z,Z1,...,Zp be of the form a ◦ (idZ ⊗c1 ⊗ ...⊗ cp), where ci ∈ LCA(id, Zi)
and a ∈ LA(Z ⊗ Z1 ⊗ ... ⊗ Zp,∧
q). Let x := y ◦ (idZ ⊗(
∑
σ∈Sp′×Sp′′
ǫ(σ)σ)), and x˜ :=
y ◦ (idZ ⊗(
∑
σ∈Sp
ǫ(σ)σ)). Then x ∈ Cp
′,p′′ , x˜ ∈ (C˜p)≤p
′
, and x corresponds to the class of x˜
under Cp
′,p′′ ≃ (C˜p)≤p
′
/(C˜p)≤p
′−1.
Let us compute d˜p,p+1(x˜). We have
x˜ ◦ (idZ ⊗µ⊗ id
⊗p−2
id
) ◦ (
∑
i<j
(−1)i+jβij)(11)
=
∑
1≤i<j≤p
(−1)i+j
∑
σ∈Sp
ǫ(σ)a ◦ (idZ ⊗βσ) ◦ [idZ ⊗(cσ(1) ◦ µ)⊗ cσ(2) ⊗ ...⊗ cσ(p)] ◦ βij ,
where βσ : Zσ(1) ⊗ ...⊗ Zσ(p) → Z1 ⊗ ...⊗ Zp is the braiding map.
We now use the fact that if c ∈ LCA(id, Z), then
(12) c ◦ µ = µZ ◦ (idid⊗c) + µ˜Z ◦ (c⊗ idid) + κ(c),
where κ(c) ∈ LBA(id⊗2, Z) is such that:
• κ(c) ∈ ⊕|W1|,|W2|>1 LBA(id
⊗2, Z)W1,W2 if |Z| > 1,
• κ(c) = −c ◦ µ if Z = id.
(12) is proved as follows: it is obvious when Z = id; we first prove it when Z = Tp (p > 0)
and c = (δ⊗ id⊗p−2
id
)◦ ...◦ δ (iterating the use of the cocycle identity); as this element generates
the Sp-module LCA(id, Tp), this implies the identity when Z = Tp. The case of Z ∈ Irr(Sch),
|Z| = p is derived from there by taking isotypic components under the action of Sp.
When |Zσ(1)| > 1, the contribution of κ(cσ(1)) to (11) belongs to (C˜
p+1)≤p
′
. The class of
(11) in (C˜p+1)≤p
′+1/(C˜p+1)≤p
′
is then the same as that of
∑
1≤i<j≤p+1
(−1)i+j
∑
σ∈Sp
a ◦ (idZ ◦βσ) ◦ (idZ ⊗(µZσ(1) ◦ [idid⊗cσ(1)])⊗ cσ(2) ⊗ ...⊗ cσ(p)) ◦ βij
(13)
+
∑
1≤i<j≤p+1
(−1)i+j
∑
σ∈Sp
a ◦ (idZ ◦βσ) ◦ (idZ ⊗(µ˜Zσ(1) ◦ [cσ(1) ⊗ idid])⊗ cσ(2) ⊗ ...⊗ cσ(p)) ◦ βij
+
∑
1≤i<j≤p+1
(−1)i+j+1
∑
σ∈Sp|σ(1)∈[1,p′]
ǫ(σ)a ◦ (idZ ⊗βσ) ◦ [idZ ⊗(cσ(1) ◦ µ)⊗ cσ(2) ⊗ ...⊗ cσ(p)] ◦ βij .
The first line may be rewritten as follows. Let αj ∈ Sp be the cycle αj(1) = 2,..., αj(j − 2) =
j − 1, α(j − 1) = 1, αj(j) = j,..., αj(p) = p. In terms of τ := σ ◦ αj , this line expresses as∑
j∈[1,p+1]
∑
i<j
∑
τ∈Sp
(−1)iǫ(τ)a◦(idZ ◦βτ )◦(idZ ⊗cτ(1)⊗...⊗[µZτ(j−1)◦(idid⊗cτ(j−1))]⊗...⊗cτ(p))◦γij ,
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where γij ∈ Aut(Z ⊗ id
⊗p) is the categorical version of z ⊗ x1 ⊗ ...⊗ xp+1 7→ z ⊗ x1 ⊗ ...xˇi...⊗
xj−1 ⊗ xi ⊗ xj+1 ⊗ ... ⊗ xp+1. In the same way, one shows that the second line has the same
expression, with the condition i < j replaced by i > j and γij the categorical version of
z ⊗ x1 ⊗ ...⊗ xp+1 7→ z ⊗ x1 ⊗ ...⊗ xj−1 ⊗ xi ⊗ xj+1 ⊗ ...xˇi...⊗ xp+1.
Adding up these lines, and using the identity
µW ◦ (idid⊗a) =
k∑
α=1
a ◦ (idW1 ⊗...⊗ µWα ⊗ ...⊗ idWk) ◦ βα,
in LA(id ⊗ W1 ⊗ ... ⊗ Wk,W ), where a ∈ LA(W1 ⊗ ... ⊗ Wk,W ) and βα is the braiding
id⊗W1⊗ ...⊗Wk →W1⊗ ...⊗Wα−1⊗ id⊗Wα⊗ ...⊗Wk, we express the contribution of (11)
as (last line of (13)) +µ∧q ◦ (idid⊗x˜) ◦ (
∑p+1
i=1 (−1)
iβi) + x˜ ◦ (µZ ⊗ id
⊗p
id
) ◦ (
∑p+1
i=1 (−1)
i+1βi).
The class of d˜p,p+1(x˜) in (C˜p+1)≤p
′+1/(C˜p+1)≤p is therefore the same as that of (last line
of (13)) +x˜ ◦ (µZ ⊗ id
⊗p
id
) ◦ (
∑p+1
i=1 (−1)
p+1βi). To evaluate its image in C
p′+1,p′′ , we apply
the projection of ⊕Z1,...,Zp+1 LBA(Z ⊗ id
⊗p+1,∧q)Z,Z1,...,Zp+1 on the sum of components with
Z1 = ... = Zp′+1 = id, |Zp′+1|, ..., |Zp+1| > 1 along the other components.
We have x˜ ◦ (µZ ⊗ id
⊗p
id
) ◦ βi =
∑
σ∈Sp
ǫ(σ)a ◦ (idZ ⊗βσ) ◦ (µZ ⊗ cσ(1) ⊗ ...⊗ cσ(p)) ◦ βi, and
the summand corresponding to σ belongs to LBA(Z ⊗ id⊗p,∧q)Z,Zσ(1),...,Zσ(i−1),id,Zσ(i),...,Zσ(p) ;
the projection is the identity on the components such that i ∈ [1, p′ + 1] and σ ∈ Sp′ ×Sp′′
and zero on the other ones. So the projection of x˜ ◦ (µZ ⊗ id
⊗p
id
) ◦ (
∑p+1
i=1 (−1)
i+1βi) is x ◦ (µZ ⊗
id⊗p
id
) ◦ (
∑p′+1
i=1 (−1)
i+1βi).
Let us compute the projection of the last line of (13). The term in this line corresponding
to i, j, σ belongs to LBA(Z ⊗ id⊗p,∧q)Z,Zσ(2) ,...,Zσ(i),id,Zσ(i+1),...,Zσ(j−1),id,Zσ(j),...,Zσ(p) . The pro-
jection is then the identity on the terms such that i, j ∈ [1, p′ + 1] and σ ∈ Sp′ ×Sp′′ and zero
on the other ones. The projection of the last line of (13) is therefore x ◦ (idZ ⊗µ ⊗ id
⊗p−1
id
) ◦
(
∑
1≤i<j≤p′+1(−1)
i+j+1βij).
The projection of d˜p,p+1(x˜) is then the sum of these projections, i.e., d˜p
′,p′+1|p′′(x). 
The associated graded of the complex (Cp, dp,p+1)p≥0 is therefore⊕p′′≥0(C
p′,p′′ , dp
′,p′+1|p′′)p′≥0.
We now prove that for each p′′ ≥ 0, the complex (Cp
′,p′′ , dp
′,p′+1|p′′)p′≥0 is acyclic.
For Z′′ = (Z ′′1 , ..., Z
′′
p′′) ∈ Irr(Sch), let
d˜p
′,p′+1
Z′′ : LA(Z ⊗ id
⊗p′ ⊗ (⊗iZ
′′
i ),∧
q)→ LA(Z ⊗ id⊗p
′+1 ⊗ (⊗iZ
′′
i ),∧
q)
be defined by the same formula as d˜p
′,p′+1|p′′ , replacing id⊗p−1
id
, id⊗p
id
by id⊗p
′−1
id
⊗ id⊗iZ′′i ,
id⊗p
′
id
⊗ id⊗iZ′′i . Let C
p′
Z′′ be the antisymmetric part of LA(Z ⊗ id
⊗p′ ⊗ (⊗iZ
′′
i ),∧
q) (w.r.t. the
action of Sp′). Then d˜
p′,p′+1
Z′′ restricts to a differential d
p′,p′+1
Z′′ : C
p′
Z′′ → C
p′+1
Z′′ ; moreover, we
have an isomorphism between (Cp
′,p′′ , dp
′,p′+1|p′′)p′≥0 and the antisymmetric part (w.r.t. the
action of Sp′′) of
⊕Z′′1 ,...,Z′′p′′∈Irr(Sch),|Z
′′
i
|6=0,1 ⊗
p′′
i=1 LA(id, Z
′′
i )⊗ (C
p′
Z′′ , d
p′,p′+1
Z′′ )p′≥0.
Since the differential of this complex is Sp′′ -equivariant, it suffices to prove that each complex
(Cp
′
Z′′ , d
p′,p′+1
Z′′ )p′≥0 is acyclic.
Let z := |Z|, N :=
∑
i |Z
′′
i |; let
d˜p
′,p′+1
z,N,q : LA(id
⊗z ⊗ id⊗p
′
⊗ id⊗N , id⊗q)→ LA(id⊗z ⊗ id⊗p
′+1 ⊗ id⊗N , id⊗q)
be defined by the same formula as d˜p
′,p′+1
Z′′ , replacing ⊗iZ
′′
i by id
⊗N and µZ by µid⊗z . Let C
p′
z,N,q
be the antisymmetric part of LA(id⊗z ⊗ id⊗p
′
⊗ id⊗N , id⊗q) (w.r.t. the action of Sp′). Then
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d˜p
′,p′+1
z,N,q restricts to a differential d
p′,p′+1
z,N,q : C
p′
z,N,q → C
p′+1
z,N,q. The complex (C
p′
z,N,q, d
p′,p′+1
z,N,q )p′≥0
is equipped with a natural action of Sz ×
∏
iS|Z′′i | × Sq, and (C
p′
Z′′ , d
p′,p′+1
Z′′ ) is an isotypic
component of this action. It suffices therefore to prove that (Cp
′
z,N,q, d
p′,p′+1
z,N,q )p′≥0 is acyclic.
In what follows, we denote by L(u1, .., us) (resp., A(u1, ..., us)) the free Lie (resp., associative)
algebra generated by u1, ..., up. These spaces are graded by ⊕i∈[1,p]Nδi and for S ⊂ [1, p], we
denote by L(u1, .., us)S , A(u1, .., us)S the subspaces of degree ⊕i∈Sδi. In the case of two sets
of generating variables (u1, ...us) and (v1, ..., vt), the spaces are graded by ⊕i∈[1,s]⊔[1,t]Nδi and
we use the same notation for homogeneous subspaces.
Lemma 4.4. We have an isomorphism of complexes
(14) C•z,N,q ≃ ⊕ ⊔q
α=1Iα=[1,z],
⊔
q
α=1
Jα=z+[1,N ]
⊗qα=1 C
•
|Iα|,|Jα|,1
.
Proof. Identify Cp
′
z,N,q with [L(a1, ..., az+N , x1, ..., xp′ )
⊗q]
S
−
p′
[1,z+N ]⊔[1,p′], which is the part of
the qth tensor power of L(a1, ..., xp′ ), multilinear in a1, ..., az+N , x1, ..., xp′ , and antisymmetric
in x1, ..., xp′ (a1, ..., az correspond to the z factors of id
⊗z, az+1, ..., az+N to the N factors of
id⊗N , and x1, ..., xp′ to the p
′ factors of id⊗p
′
). The differential dp
′,p′+1
z,N,q then expresses as
F (a1, ..., az+N , x1, ..., xp′ ) 7→
∑
1≤i<j≤p′+1
(−1)i+j+1F (a1, ..., az+N , [xi, xj ], x1, ...xˇi...xˇj ..., xp′+1)
+
∑
1≤i≤p′+1
z∑
z′=1
(−1)i+1F (a1, ..., [xi, az′ ], ..., az+N , x1, ...xˇi..., xp′+1).(15)
On the other hand, we have an isomorphism LA(id⊗N , id⊗q) ≃ ⊕I1⊔...⊔Iq=[1,N ]⊗
q
α=1LA(id
⊗|Iα|, id),
with inverse given by the sum of maps a1 ⊗ ... ⊗ aq 7→ (a1 ⊗ ... ⊗ aq) ◦ βI1,...,Iq , where
βI1,...,Iq : id
⊗N → ⊗αid
⊗|Iα| is the braiding induced by the maps [1, N ] → ⊔α[1, |Iα|], taking
Iα to [1, |Iα|] by preserving the order. Analyzing the action of SN on the set of q-compositions
of [1, N ], we derive an isomorphism LA(∧N , id⊗q) ≃ ⊕N1+...+Nq=N ⊗
q
α=1 LA(∧
Nα , id), with
inverse given by the direct sum of the maps a1 ⊗ ... ⊗ aq 7→ (a1 ⊗ ... ⊗ aq) ◦ βN1,...,Nq , where
βN1,...,Nq : ∧
N → ∧N1 ⊗ ...⊗∧Nq is the composite Schur morphism ∧n →֒ id⊗N ≃ ⊗αid
⊗Nα
։
⊗α∧
Nα . One proves similarly that we have an isomorphism LA(id⊗z ⊗ ∧p
′
⊗ id⊗N , id⊗q) ≃
⊕⊔αIα=[1,z],⊔αJα=z+[1,N ],
P
α pα=p
′ ⊗qα=1 LA(id
⊗|Iα| ⊗ ∧pα ⊗ id⊗|Jα|, id), with inverse induced
by the direct sum of the maps ⊗αaα 7→ (⊗αaα) ◦ β(Iα),(Jα),(pα), where β(Iα),(Jα),(pα) : id
⊗z ⊗
∧p
′
⊗ id⊗N → ⊗α(id
⊗|Iα| ⊗∧pα ⊗ id⊗|Jα|) is constructed from the above Schur morphisms. It
follows that we have the isomorphism (14) between graded vector spaces. Let us show that it
is compatible with differentials.
For ⊔αIα = [1, z], ⊔αJα = z + [1, N ],
∑
α pα = p
′, the map ⊗qα=1C
pα
|Iα|,|Jα|,1
→ Cp
′
z,N,q
identifies with the map
⊗α[L(a1, ..., xp′)
S−pα
Iα⊔Jα⊔(p1+...+pα−1+[1,pα])
]→ [L(a1, ..., xp′)
⊗q]
S
−
p′
[1,z+N ]⊔[1,p′],
⊗αFα 7→
∑
σ∈Sp1,...,pα
ǫ(σ)σ ∗ (⊗αFα), where Sp1,..,pα is the set of shuffle permutations of Sp′
(preserving the order of the elements of [1, p1], p1+[1, p2], etc.) and ∗ is the permutation action
on x1, ..., xp′ . The projection C
p′
z,N,q → ⊗αC
pα
|Iα|,|Jα|,1
to the component indexed by ((Iα), (Jα))
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along the other components can then be described as follows: the composite map
[L(a1, ..., xp′)
⊗q][1,z+N ]⊔[1,p′] ≃ ⊕ ⊔Iα=[1,z],
⊔Jα=z+[1,N ],
⊔Pα=[1,p′]
⊗α L(a1, ..., xp′)Iα⊔Jα⊔Pα
→ ⊗αL(a1, ..., xp′)Iα⊔Jα⊔(p1+...+pα−1+[1,pα])
(where the second map is the projection along all other components) restricts to
[L(a1, ..., xp′ )
⊗q]
S
−
p′
[1,z+N ]⊔[1,p′] → ⊗α[L(a1, ..., xp′)
S−pα
Iα⊔Jα⊔(p1+...+pα−1+[1,pα])
],
which identifies with the projection Cp
′
z,N,q → ⊗αC
pα
|Iα|,|Jα|,1
.
Extending formula (15) defining dp
′,p′+1
z,N,q , we define a map
d˜p
′,p′+1
z,N,q : [L(a1, ..., xp′)
⊗q][1,z+N ]⊔[1,p′] → [L(a1, ..., az+N , x1, ..., xp′+1)
⊗q][1,z+N ]⊔[1,p′+1].
It follows that the map dp
′,p′+1
z,N,q : C
p′
z,N,q → C
p′+1
z,N,q may be identified with the composite map
⊕ ⊔αIα=[1,z]
⊔αJα=z+[1,N ]P
α
pα=p′
⊗qα=1[L(a1, ..., xp′ )
S−pα
Iα,Jα,p1+...+pα−1+[1,pα]
]
⊕(
P
σ∈Sp1,...,pn
ǫ(σ)σ)
→ [L(a1, ..., xp′ )
⊗q][1,z+N ]⊔[1,p′]
d˜p
′,p′+1
z,N,q
→ [L(a1, ..., xp′+1)
⊗q][1,z+N ]⊔[1,p′+1]
≃ ⊕ ⊔αI˜α=[1,z]
⊔αJ˜α=z+[1,N ]
⊔αP˜α=[1,p′+1]
⊗qα=1 [L(a1, ..., xp′)I˜α,J˜α,P˜α ]
։ ⊕ ⊔αI˜α=[1,z]
⊔αJ˜α=z+[1,N ]P
α
p˜α=p′+1
⊗qα=1 [L(a1, ..., xp′)I˜α,J˜α,p˜1+...+p˜α−1+[1,p˜α]]
We have a decomposition d˜p
′,p′+1
z,N,q =
∑
1≤i<j≤p′ d˜
ij +
∑p′+1
i=1
∑z
z′=1 d˜
iz′ . Then:
• d˜ij takes the summand indexed by ((Iα)α, (Jα)α, (Pα)α) to the summand indexed by
((Iα)α, (Jα)α, (P˜
ij
α )α), where (P˜
ij
α )α is the partition of [1, p
′ + 1] given by P˜ ijα = [(Pα ∩ [2, i])−
1] ∪ (Pα ∩ [i+ 1, j − 1]) ∪ [(Pα ∩ [j, p]) + 1] if 1 /∈ Pα, and the union of the same set with {i, j}
if 1 ∈ Pα (all these unions are disjoint);
• d˜iz
′
takes the summand indexed by ((Iα)α, (Jα)α, (Pα)α) to the summand indexed by
((Iα)α, (Jα)α, (P˜
i,z′
α )α), where (P˜
i,z′
α )α is the partition of [1, p
′+1] given by P˜ i,z
′
α = (Pα∩ [1, i−
1]) ∪ [(Pα ∩ [i, p
′]) + 1] if z′ /∈ Iα, and the union of the same set with {i} if z
′ ∈ Iα (all these
unions are disjoint).
As the partitions (Iα)α and (Jα)α of [1, z] and z + [1, N ] are not modified, (14) is a decom-
position of complexes. If (P˜α)α is one of the partitions (P˜
ij
α )α ot (P˜
iz′
α )α, then the sequence
(|P˜α|)α=1,...,q has the form (pα + δαβ)α, where β ∈ [1, q] and pα = |Pα|.
Fix β ∈ [1, q] and set pβα := pα + δαβ . The partition (P˜α)α coincides with (p
β
1 + ...+ p
β
α−1 +
[1, pβα])α if:
(a) Pα = 1 + p1 + ...+ pα−1 + [1, pα] if α < β, Pβ = [1 + p1 + ...+ pβ−1 + [1, pβ − 1]] ⊔ {1},
Pα = p1+ ...+ pα−1+ [1, pα] if α > β and p1+ ...+ pβ−1+1 ≤ i < j ≤ p1+ ...+ pβ +1; in that
case, (P˜ ijα )α is given by P˜
ij
α = p1+ ...+pα−1+[1, pα] for α < β, P˜
ij
β = p1+ ...+pβ−1+[1, pβ+1],
and P˜ ijα = 1 + p1 + ...+ pα−1 + [1, pα] if α > β. In particular, i < j belong to P˜
ij
β ;
(b) Pα = p1 + ... + pα−1 + [1, pα] for any α, p1 + ... + pβ−1 + 1 ≤ i ≤ p1 + ... + pβ + 1
and z′ ∈ Iβ ; in that case, (P˜
iz′
α )α is given by P˜
iz′
α = p1 + ... + pα−1 + [1, pα] for α < β,
P˜ iz
′
β = p1+ ...+pβ−1+[1, pβ+1] and P˜
iz′
β = 1+p1+ ...+pβ−1+[1, pβ] for α > β. In particular,
i ∈ P˜ izβ and z
′ ∈ Iβ .
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Let now ⊗αFα(a1, ..., xp′) belong to ⊗αL(a1, ..., xp′ )
S−pα
Iα⊔Jα⊔(p1+...+pα−1+[1,pα])
. The image of
this element in L(a1, ..., xp′)
S
−
p′
[1,z+N ]⊔[1,p′] is (
∑
σ∈Sp1,...,pq
ǫ(σ)σ) ∗ (⊗αFα). Let us apply d
p′,p′+1
to this element, and let us project the result to ⊕qβ=1⊗αL(a1, ..., xp′+1)
S
p
β
α
Iα⊔Jα⊔(p
β
1+...+p
β
α−1+[1,p
β
α])
.
According to what we have seen, the nontrivial contributions to the summand indexed by β
are:
• for i < j in p1 + ...+ pβ−1 + [1, pβ + 1], the projection of d˜
ij(ǫ(σ)σ ∗ (⊗αFα)), where σ is
the shuffle permutation taking the p1 + ...+ pα−1 + [1, pα] to Pα described in (a) above;
• for i ∈ p1 + ...+ pβ−1 + [1, pβ + 1] and z
′ ∈ Iβ , the projection of d˜
iz′ (⊗αFα), where d˜
iz′ is
the summand of d˜p
′,p′+1
z,N,q corresponding to (i, z
′).
Let d
pβ ,pβ+1
β : L(a1, ..., xp′)
S−pβ
Iβ ,Jβ ,p1+...+pβ−1+[1,pβ ]
→ L(a1, ..., xp′+1)
S
−
pβ+1
Iβ ,Jβ ,p1+...+pβ−1+[1,pβ+1]
be the differential of the complex C•|Iβ |,|Jβ|,1 and let d
ij
β , d
iz′
β be its components. We have
d˜ij(σ ∗ (⊗αFα)) = F1 ⊗ ...⊗ d
ij
β (Fβ)⊗ ...⊗ Fq (to prove this equality, note that the x1 present
in the βth factor of σ ∗ (⊗αFα) gets replaced by [xi, xj ] in both sides; the signs coincide
since the “usual” indices of variables xi, xj are shifts of i, j by the same quantity, and this
does not alter (−1)i+j+1), while ǫ(σ) = (−1)p1+...+pβ−1 ; on the other hand, d˜iz
′
(⊗αFα) =
(−1)p1+...+pβ−1F1 ⊗ ... ⊗ d
iz′
β (Fβ) ⊗ ... ⊗ Fq (here the sign is due to the fact that the index
of xi is, in the usual ordering, i − (p1 + ... + pβ−1)). It follows that the contribution to the
summand indexed by β is (−1)p1+...+pβ−1F1⊗ ...⊗ d
pβ ,pβ+1
β (Fβ)⊗ ...⊗Fq. So the projection of
dp
′,p′+1((
∑
σ∈Sp1,...,pq
ǫ(σ)σ) ∗ (⊗αFα)) is
[
∑
β
(−1)p1+...+pβ−1 id⊗...⊗ dpβ ,pβ+1 ⊗ ...⊗ id](⊗αFα),
as was to be proved. 
As z 6= 0, for each partition (I1, ..., Iq) of [1, z], there exists i such that |Ii| 6= 0. So renaming
|Ii|, |Ji| by z,N , it suffices to prove that if z 6= 0, then C
•
z,N,1 is acyclic.
Recall that Cp
′
z,N,1 ≃ L(a1, ..., xp′)
S
−
p′
[1,z+N ]⊔[1,p′] and d
p′,p′+1
z,N,1 is given by (15). On the other
hand, the map a 7→ ad(a)(a1) gives rise to an isomorphism
Ap
′
z,N,1 := A(a2, ..., xp′)
S
−
p′
[2,z+N ]⊔[1,p′] ≃ C
p′
z,N,1,
where A(u1, ..., un) is the free associative algebra generated by u1, .., un and ad : A(u1, ..., us)→
End(L(u1, ..., us)) is the algebra morphism derived from the adjoint action of L(u1, ..., us) on
itself. The differential dp
′,p′+1
z,N,1 : A
p′
z,N,1 → A
p′+1
z,N,1 is given by
Q(a2, ..., az+N , x1, ..., xp′) 7→
∑
1≤i<j≤p′+1
(−1)i+j+1Q(a2, ..., az+N , [xi, xj ], x1, ...xˇi...xˇj ..., xp′+1)
(16)
+
p′+1∑
i=1
(−1)i+1
(
Q(a2, ..., az+N , x1, ...xˇi..., xp′+1)xi +
z∑
z′=2
Q(a2, ..., [xi, az′ ], ..., az+N , x1, ...xˇi..., xp′+1)
)
,
as ad(a)([x, a1]) = ad(ax)(a1), for any x ∈ L(a1, ..., xp′) and a ∈ A(a1, ..., xp′).
We have an isomorphism
Ap
′
z,N,1 ≃ ⊕σ∈Perm({2,...,z+N})A
p′
σ ,
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where Ap
′
σ := (A(x1, ..., xp′)
⊗z+N )
S−
p′
[1,p′], whose inverse is the direct sum of the maps induced by
⊗z+Nα=1 Qα(x1, ..., xp′ ) 7→ Q1(x1, ..., xp′)aσ(2)Q2(x1, ..., xp′)aσ(3)...aσ(z+N)Qz+N(x1, ..., xp′).
The explicit formula (16) shows that if Q(a1, .., xp′) is a multilinear monomial, then the im-
age of Q by the extension of dp
′,p′+1
z,N,1 given by the same formula is a linear combination of
monomials, where the ai appear in the same order as in Q(a1, ..., xp′). It follows that for
each σ ∈ Perm({2, ..., z + N}), A•σ is a subcomplex of A
•
z,N,1, and that we have a direct sum
decomposition of the complex A•z,N,1
(17) A•z,N,1 ≃ ⊕σA
•
σ.
The acyclicity of A•z,N,1 is then a consequence of that of each subcomplex A
•
σ, which we now
prove. Let us fix σ ∈ Perm({2, ..., z +N ′}). There is a unique linear map
d˜p
′,p′+1
σ : (A(x1, ..., xp′)
⊗z+N )[1,p′] → (A(x1, ..., xp′+1)
⊗z+N )[1,p′+1],
given by
Q˜(x1, ..., xp′) 7→
∑
1≤i<j≤p′+1
(−1)i+j+1Q˜([xi, xj ], x1, ...xˇi...xˇj ..., xp′+1)
+
p′+1∑
i=1
(−1)i+1
(
Q˜(x1, ...xˇi..., xp′+1)[
∑
α∈[σ−1([2,z])−1]
⊔{z+N}
x
(α)
i ]− [
∑
α∈σ−1([2,z])
x
(α)
i ]Q˜(x1, ...xˇi..., xp′+1)
)
.
where f (α) = 1⊗α−1 ⊗ f ⊗ 1⊗z+N−α. If we set ǫ1 = 0, ǫz+N+1 = 1, and
(18) ǫα = 1⇔ σ(α) ∈ [2, z], ǫα = 0⇔ σ(α) ∈ z + [1, N ],
for α ∈ [2, z +N ], then this map is
Q˜(x1, ..., xp′) 7→
∑
1≤i<i≤p′+1
(−1)i+j+1Q˜([xi, xj ], x1...xˇi...xˇj ..., xp′+1)(19)
+
∑
α∈[1,z+N ]
p′+1∑
i=1
(−1)i+1
[
ǫα+1Q˜(x1, ...xˇi..., xp′+1)x
(α)
i − ǫαx
(α)
i Q˜(x1, ...xˇi..., xp′+1)
]
.
The map d˜p
′,p′+1
σ then restricts to a linear map between the subspaces of totally antisym-
metric tensor (under the actions of Sp′ on the left side and Sp′+1 on the right side), which
coincides with dp
′,p′+1
σ .
For ǫ, ǫ′ ∈ {0, 1}, define the “elementary” complexes E•ǫ,ǫ′ as follows. We set E
p′
ǫ,ǫ′ :=
A(x1, ..., xp′ )
S
−
p′
[1,p′], and define d
p′,p′+1
ǫ,ǫ′ : E
p′
ǫ,ǫ′ → E
p′+1
ǫ,ǫ′ by
(dp
′,p′+1
ǫ,ǫ′ E)(x1, ..., xp′+1) :=
∑
1≤i<j≤p′+1
(−1)i+j+1E([xi, xj ], x1, ...xˇi...xˇj ..., xp′+1)(20)
+ ǫ
p′+1∑
i=1
(−1)ixiE(x1, ...xˇi..., xp′+1) + ǫ
′
p′+1∑
i=1
(−1)i+1E(x1, ...xˇi..., xp′+1)xi.
Lemma 4.5. For ǫ, ǫ′ ∈ {0, 1}, E•ǫ,ǫ′ := (E
p′
ǫ,ǫ′ , d
p′,p′+1
ǫ,ǫ′ )p′≥0 is a complex.
Proof. Note first that for any p′ ≥ 0, Ep
′
ǫ,ǫ′ is 1-dimensional, spanned by ep′(x1, ..., xp′) :=∑
σ∈Sp′
ǫ(σ)xσ(1)...xσ(p′).
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If g is a Lie algebra, let U(g)ǫ,ǫ′ be the universal enveloping algebra of g, equipped with the
trivial g-module structure if (ǫ, ǫ′) = (0, 0), the left (resp., right) regular g-module structure
if (ǫ, ǫ′) = (1, 0) (resp., (0, 1)), and the adjoint g-module structure if (ǫ, ǫ′) = (1, 1). Let
(Cp
′
ǫ,ǫ′(g), d
p′,p′+1
ǫ,ǫ′ (g)) be the cochain complex computing the cohomology of g in these modules.
We have Cp
′
ǫ,ǫ′(g) = Hom(∧
p′(g), U(g)). There is a unique linear map Ep
′
ǫ,ǫ′ → C
p′
ǫ,ǫ′(g), taking ep′
to the composite map ∧p
′
(g)→ g⊗p
′
→ U(g), where the last map is the product map, and one
checks that the diagram
Ep
′
ǫ,ǫ′
dp
′,p′+1
ǫ,ǫ′
→ Ep
′+1
ǫ,ǫ′
↓ ↓
Cp
′
ǫ,ǫ′(g)
dp
′,p′+1
ǫ,ǫ′
(g)
→ Cp
′+1
ǫ,ǫ′ (g)
commutes. Since C•ǫ,ǫ′(g) is a complex,
and there exists a Lie algebra g such that the morphisms Ep
′
ǫ,ǫ′ → C
p′
ǫ,ǫ′(g) are injective (for
example, g is a free Lie algebra with countably many generators), E•ǫ,ǫ′ is also a complex. 
Lemma 4.6. We have a isomorphism of complexes A•σ ≃ E
•
0,ǫ2 ⊗ E
•
ǫ2,ǫ3 ⊗ ... ⊗ E
•
ǫz+N ,1, where
(ǫ2, ..., ǫz+N ) is as in (18).
Proof. The proof is parallel to that of Lemma 4.4. Let us set
Ap
′
:= Ap
′
σ = [A(x1, ..., xp′)
⊗z+N ]
S
−
p′
[1,p′], A˜
p′ := [A(x1, ..., xp′)
⊗z+N ][1,p′];
if p1 + ...+ pz+N = p
′, set
Ap1,...,pz+N := ⊗
z+N
α=1 A(x1, ..., xp′)
S−pα
p1+...+pα−1+[1,pα]
and if ⊔z+Nα=1 Pα = [1, p
′], set
A˜P1,...,Pz+N := ⊗
z+N
α=1 A(x1, ..., xp′)Pα .
We have a decomposition
A˜p
′
= ⊕⊔αPα=[1,p′]A˜P1,...,Pz+N .
We will define the support of an element x of A˜p
′
as the set of partitions (P1, ..., Pz+N ) of
[1, p′] such that the component x(P1,...,Pz+N) is nonzero. We also have natural morphisms
Ap1,...,pz+N → A
p′ , given by x 7→ (
∑
σ∈Sp1,...,pz+N
ǫ(σ)σ) ∗ x, where ∗ is the permutation action
of Sp′ on x1, ..., xp′ . The direct sum of these morphisms gives rise to an isomorphism
⊕p1+...+pz+N=p′Ap1,...,pz+N ≃ A
p′ .
As the l.h.s. identifies with ⊕p1+...+pz+N=p′E
p1
0,ǫ1
⊗ ... ⊗ E
pz+N
ǫz+N ,1
, we obtain the identification
A•σ ≃ ⊗
z+N
α=1 E
•
ǫα,ǫα+1 at the level of graded vector spaces. We now show that this identification
is compatible with the differentials.
The composite map
⊕P
α pα=p
′Ap1,...,pz+N ≃ A
p′ can→֒ A˜p
′ π
։ ⊕P
α pα=p
′A˜[1,p1],p1+[1,p2],...,p1+...+pz+N−1+[1,pz+N ],
where the last map is the projection along the components indexed by the other (non-consecutive)
partitions, is the canonical inclusion map. It follows that the map (⊗αE
•
ǫα,ǫα+1)
p′ → (⊗αE
•
ǫα,ǫα+1)
p′+1
may be identified with the composite map
⊕P
α
pα=p′Ap1,...,pz+N ≃ A
p′ →֒ A˜p
′ d˜p
′,p′+1
σ→ A˜p
′+1
։ ⊕P
α
p˜α=p′+1A˜[1,p˜1],...,p˜1+...+p˜z+N−1+[1,p˜z+N ].
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Let now Qα ∈ E
pα
ǫα,ǫα+1 ≃ A(x1, ..., xp′)
S−pα
p1+...+pα−1+[1,pα]
and Q := ⊗αQα ∈ Ap1,...,pz+N . The
image of this element in A˜p
′
is (
∑
σ∈Sp1,...,pz+N
ǫ(σ)σ) ∗Q. The summand ǫ(σ)σ ∗Q belongs to
A˜Pσ1 ,...,Pσz+N , where P
σ
α := σ(p1 + ...+ pα−1 + [1, pα]).
Decompose d˜p
′,p′+1
σ : A˜
p′ → A˜p
′+1 as a sum d˜p
′,p′+1
σ =
∑
1≤i<j≤p′+1 d˜
ij+
∑p′+1
i=1
∑
α∈[1,z+N ] d˜
iα.
If ⊔αPα = [1, p
′], then d˜ij(A˜P1,...,Pα) ⊂ A˜P ij1 ,...,P
ij
z+N
and d˜iα(A˜P1,...,Pz+N ) ⊂ AP iα1 ,...,P iαz+N ,
where
• (P ij1 , ..., P
ij
z+N ) is given by P
α
ij := [(Pα ∩ [2, i])− 1]⊔ (Pα ∩ [i+1, j− 1])⊔ [(Pα ∩ [j, p
′]) + 1]
if 1 /∈ Pα, and the union of the same set with {i, j} if 1 ∈ Pα;
• (P iα1 , ..., P
iα
z+N ) is given by P
iα
γ = (Pγ ∩ [1, i−1])⊔ [(Pγ ∩ [i, p
′])+1] if γ 6= α, and the union
of the same set with {i} if γ = α.
Note that the sequences (|P ij1 |, ..., |P
ij
z+N |) and (|P
iα
1 |, ..., |P
iα
z+N |) are necessarily of the form
(pβ1 , ..., p
β
z+N ) := (p1+δ1β, ..., pz+N+δz+N,β), where β ∈ [1, z+N ] is the index such that 1 ∈ Pα
in the first case, and α in the second case. Then:
(a) for any i, j (1 ≤ i < j ≤ p′ + 1) and any β ∈ [1, z + N ], (P ij1 , ..., P
ij
z+N ) coincides
with ([1, pβ1 ], ..., p
β
1 + ... + p
β
z+N−1 + [1, p
β
z+N ]) if Pα = 1 + p1 + ... + pα−1 + [1, pα] for α < β,
Pβ = (1 + p1 + ...+ pβ−1 + [1, pβ − 1]) ⊔ {1}, and Pα = p1 + ...+ pα−1 + [1, pα] for β > α, and
i, j ∈ p1 + ...+ pβ−1 + [1, pβ + 1];
(b) for i ∈ [1, p′ + 1] and α ∈ [1, z +N ], (P iα1 , ..., P
iα
z+N ) coincides with ([1, p
α
1 ], ..., p
α
1 + ...+
pαz+N−1+ [1, p
α
z+N ]) if Pα = p1+ ...+ pα−1+ [1, pα] for any α and i ∈ p1+ ...+ pα−1+ [1, pα+1].
If i, j are such that 1 ≤ i < j ≤ p′ + 1, then the condition on σ ∈ Sp1,...,pz+N for the
support d˜ij(ǫ(σ)σ ∗Q) to consist in a consecutive partition of [1, p′+1] is therefore: there exists
β ∈ [1, z+N ] such that i, j ∈ p1+ ...+pβ−1+[1, pβ+1], and σ is the shuffle permutation taking
[1, p1], p1 + [1, p2], ..., p1 + ...+ pz+N−1 + [1, pz+N ] to the partition described in (a) above.
If i ∈ [1, p′ + 1] and α ∈ [1, z + N ], then the condition on σ ∈ Sp1,...,pz+N for the support
of d˜iα(ǫ(σ)σ ∗ Q) to consist in a consecutive partition of [1, p′ + 1] is therefore: σ = id and
i ∈ p1 + ...+ pα−1 + [1, pα + 1].
In the first case, we have ǫ(σ) = (−1)p1+...+pβ−1 and π◦d˜ij(Q) = Q1⊗...⊗d˜
ij
β (Qβ)⊗...⊗Qz+N ;
in the second case, π ◦ d˜iβ(Q) is (−1)p1+...+pβ−1Q1 ⊗ ... ⊗ d˜
i
ǫβ ,ǫβ+1
(Qβ) ⊗ ... ⊗ Qz+N . Here
d˜
pβ ,pβ+1
ǫβ ,ǫβ+1 : A(x1, ..., xp′)p1+...+pβ−1+[1,pβ ] → A(x1, ..., xp′+1)p1+...+pβ−1+[1,pβ+1] is decomposed as
d˜
pβ ,pβ+1
ǫβ ,ǫβ+1 =
∑
p1+...+pβ−1+1≤i<j≤p1+...+pβ+1
d˜ijβ +
∑
i∈p1+...+pβ−1+[1,pβ+1]
d˜iǫβ ,ǫβ+1.
Then
π ◦ d˜p
′,p′+1
σ ◦ can(Q) =
z+N∑
β=1
(−1)p1+...+pβ−1Q1 ⊗ ...⊗ d˜
pβ ,pβ+1
ǫβ,ǫβ+1 (Qβ)⊗ ...⊗Qz+N ,
which proves our claim. 
Proposition 4.1. The complexes E•0,1 and E
•
1,0 are acyclic; moreover, for ǫ ∈ {0, 1}, H
p′(E•ǫ,ǫ)
is zero for any p′ 6= 0 and k for p′ = 0.
Proof. If u1, ..., un are free variables, let k = A≤0(u1, ..., un) ⊂ ... ⊂ A≤i(u1, ..., un) ⊂ ... ⊂
A(u1, ..., un) be the increasing PBW filtration of A(u1, ..., un), induced by its identification with
U(L(u1, ..., un)). The symmetrization isomorphism A(u1, ..., un) ≃ S(L(u1, ..., un)) identifies
A≤i(u1, ..., un) with ⊕i′≤iS
i′(L(u1, ..., un)). The graded space associated to this filtration is
the free Poisson algebra P(u1, ..., un) = S(L(u1, ..., un)); its degree i part is P [i](u1, ..., un) =
Si(L(u1, ..., un)).
26 BENJAMIN ENRIQUEZ AND GILLES HALBOUT
Define a filtration on E•ǫ,ǫ′ by Fu(E
p′
ǫ,ǫ′) := A≤u(x1, ..., xp′)
S−
p′
[1,p′] for u ≥ 0. If E(x1, ..., xp′) ∈
A≤u(x1, ..., xp′)[1,p′], then: E([xi, xj ], x1, ...xˇi...xˇj ..., xp′+1) ∈ A≤u(x1, ..., xp′+1)[1,p′+1];
xiE(x1, ...xˇi..., xp′+1), E(x1, ...xˇi..., xp′+1)xi ∈ A≤u+1(x1, ..., xp′+1)[1,p′+1],
while [xi, E(x1, ...xˇi..., xp′+1)] ∈ A≤u(x1, ..., xp′+1)[1,p′+1]. It follows that for ǫ ∈ {0, 1}, we have
dp
′,p′+1
ǫ,ǫ (Fu(E
p′
ǫ,ǫ)) ⊂ Fu(E
p′+1
ǫ,ǫ ),
while for ǫ 6= ǫ′ in {0, 1},
dp
′,p′+1
ǫ,ǫ′ (Fu(E
p′
ǫ,ǫ′)) ⊂ Fu+1(E
p′+1
ǫ,ǫ′ ).
The associated graded complex is P•ǫ,ǫ′, where
(21) Pp
′
ǫ,ǫ′ = P(x1, ..., xp′ )
S
−
p′
[1,p′] = ⊕u≥0P [u](x1, ..., xp′)
S
−
p′
[1,p′],
with differential
gr dp
′,p′+1
ǫ,ǫ′ : P
p′
ǫ,ǫ′ → P
p′+1
ǫ,ǫ′
given by
(gr dp
′,p′+1
ǫ,ǫ P )(x1, ..., xp′+1) :=
∑
1≤i<j≤p′+1
(−1)i+j+1P ({xi, xj}, x1, ...xˇi...xˇj ..., xp′+1)
+ ǫ
p′+1∑
i=1
(−1)i{xi, P (x1, ...xˇi..., xp′+1)}
for ǫ ∈ {0, 1},
(gr dp
′,p′+1
0,1 P )(x1, ..., xp′+1) :=
p′+1∑
i=1
(−1)i+1xiP (x1, ...xˇi..., xp′+1),
and gr dp
′,p′+1
1,0 = − grd
p′,p′+1
0,1 (when ǫ
′ = ǫ, the commutators give rise to brackets in the
associated graded differential, while if ǫ 6= ǫ′, the only part of the differential with nontrivial
contribution to the associated graded differential is the second line of (20)). The differentials
grdp
′,p′+1
ǫ,ǫ have degree 0, and the differentials gr d
p′,p′+1
ǫ,ǫ′ have degree 1 (if ǫ
′ 6= ǫ) with respect
to the N-grading on P•ǫ,ǫ′ induced by (21). We therefore have direct sum decompositions
P•ǫ,ǫ = ⊕u∈ZP
•
ǫ,ǫ[u], P
•
ǫ,ǫ′ = ⊕u∈NP
•
ǫ,ǫ′{u} (if ǫ
′ 6= ǫ),
where for any ǫ, ǫ′, we set Pp
′
ǫ,ǫ′[u] := P [u](x1, ..., xp′)
S
−
p′
[1,p′] and P
p′
ǫ,ǫ′{u} = P
p′
ǫ,ǫ′ [u+ p
′].
Lemma 4.7. For n, u ≥ 0, Pnǫ,ǫ′[u] have the following values:
• if n = 2m, P2mǫ,ǫ′ [m] is 1-dimensional, spanned by
p2m(x1, ..., x2m) :=
∑
σ∈S2,...,2
ǫ(σ){xσ(1), xσ(2)}...{xσ(2m−1), xσ(2m)}
and P2mǫ,ǫ′ [u] = 0 for u 6= m;
• if n = 2m+ 1, P2m+1ǫ,ǫ′ [m+ 1] is 1-dimensional, spanned by
p2m+1(x1, ..., x2m+1) :=
∑
σ∈S1,2,...,2
ǫ(σ)xσ(1){xσ(2), xσ(3)}...{xσ(2m), xσ(2m+1)},
and P2m+1ǫ,ǫ′ [u] = 0 for u 6= m+ 1.
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Proof of Lemma. As the category ofSn-modules is semisimple, theSn-modulesA(x1, ..., xn)[1,n]
and P(x1, ..., xn)[1,n] are equivalent. It follows that P(x1, ..., xn)
S−n
[1,n] is 1-dimensional. Since this
space is equal to ⊕u≥0P [u](x1, ..., xn)
S−n
[1,n], it follows that exactly one of these summands is 1-
dimensional, and the others are zero. It then remains to prove that pn ∈ P
n
ǫ,ǫ′[[(n+ 1)/2]] and
pn 6= 0, where [x] is the integral part of x.
If n = 2m, we have p2m(x1, ..., x2m) = 2
−m
∑
σ∈S2m
ǫ(σ){xσ(1), xσ(2)}...{xσ(2m−1), xσ(2m)},
so p2m is Sn-antiinvariant; so p2m ∈ P
2m
ǫ,ǫ′ [m]; and if Γ is the set of σ ∈ S2m, such that
σ(1) < σ(3) < ... < σ(2m− 1) and σ(2i+1) < σ(2i+2) for i = 0, ...,m− 1 (this identifies with
the set of partitions of [1, 2m] in subsets of cardinality 2, modulo permutation of the subsets), we
have p2m(x1, ..., x2m) = m!
∑
σ∈Γ ǫ(σ){xσ(1), xσ(2)}...{xσ(2m−1), xσ(2m)}, and as the summands
in this expression are linearly independant, p2m 6= 0.
If n = 2m+ 1, we have similarly
p2m+1(x1, ..., x2m+1) = 2
−m
∑
σ∈S2m+1
ǫ(σ)xσ(1){xσ(2), xσ(3)}...{xσ(2m), xσ(2m+1)},
which implies that p2m+1 is Sn-antiinvariant, and
p2m+1(x1, ..., x2m+1) = m!
∑
σ∈Γ
ǫ(σ)xσ(1){xσ(2), xσ(3)}...{xσ(2m), xσ(2m+1)},
where Γ is the set of permutations σ ∈ Sn such that σ(2) < σ(4) < ... < σ(2m) and σ(2i) <
σ(2i + 1) for i = 1, ...,m, which implies that p2m+1 is nonzero, as the summands in this
expression are linearly independent. 
End of proof of Proposition 4.1. For u ∈ Z, the complex P•0,1{u} is 0 → P
0
0,1[u]→ P
1
0,1[u +
1] → ..... For u > 0, the groups of this complex are all zero, so P•0,1{u} is acyclic. For u ≤ 0,
this complex is 0 → ... → 0 → P2m0,1 [m] → P
2m+1
0,1 [m + 1] → 0 → ..., where m = −u. The
nontrivial map in this complex is p2m 7→ grd
2m,2m+1
0,1 (p2m) = p2m+1, which is an isomorphism,
so P•0,1{u} is acyclic. It follows that P
•
0,1 is acyclic. As the differential of P
•
1,0 is the negative
of that of P•0,1, P
•
1,0 is acyclic as well.
Let ǫ ∈ {0, 1} and u ∈ N. The complex P•ǫ,ǫ[u] is 0 → P
0
ǫ,ǫ[u] → P
1
ǫ,ǫ[u] → ...; if i = u, this
complex is 0 → k → 0 → 0 → ..., whose cohomology is 1-dimensional, concentrated in degree
0; if u > 0, this complex is 0 → ... → 0 → P2u−1ǫ,ǫ [u] → P
2u
ǫ,ǫ [u] → 0 → 0...; the nontrivial map
in this complex is p2u−1 7→ grd
2u−1,2u
ǫ,ǫ (p2u−1) = up2u if ǫ = 0 and −up2u if ǫ = 1. As this is an
isomorphism in both cases, P•ǫ,ǫ[u] is acyclic for u > 0. It follows that the cohomology of P
•
ǫ,ǫ
is 1-dimensional, concentrated in degree 0.
This implies that E•ǫ,ǫ′ is acyclic for ǫ 6= ǫ
′, and that the cohomology of E•ǫ,ǫ is concentrated
in degree 0. As d0,1ǫ,ǫ = 0, we have in degree 0, H
0(E•ǫ,ǫ) = E
0
ǫ,ǫ ≃ k. 
Remark 4. If g is a Lie algebra, we have natural maps
(22) H•(E•ǫ,ǫ′)→ H
•(g, U(g)ǫ,ǫ′).
When (ǫ, ǫ′) = (0, 1) and g is finite dimensional, then Hn(g, U(g)0,1) = k if n = dim g, and = 0
otherwise. Indeed, if Cn(g) := ∧n(g)⊗ U(g), then the differential dn,n+1g : C
n(g)→ Cn+1(g) is
given by ω ⊗ x 7→ δ(ω) ⊗ x +
∑dim g
α=1 (ω ∧ e
α) ⊗ (eαx), where (e
α)α, (eα)α are dual bases of g
∗
and g and δ : ∧n(g∗) → ∧n+1(g∗) is induced by the Lie coalgebra structure of g∗. For i ∈ Z,
set Fi(C
n(g)) := ∧n(g∗)⊗U(g)≤n+i (where the last term is the subspace of elements of degree
≤ n+ i for the PBW filtration). Then dn,n+1(Fi(C
n(g))) ⊂ Fi(C
n+1(g)), so ... ⊂ Fi(C
n(g)) ⊂
... ⊂ Cn(g) is a complete filtration of Cn(g). The associated graded complex is C˜n(g) :=
∧n(g∗) ⊗ S(g), with differential d˜n,n+1 : C˜n(g) → C˜n+1(g), ω ⊗ x 7→
∑dimg
α=1 (ω ∧ e
α) ⊗ (eαx).
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This complex only depends on the vector space structure of g; if we denote it by C˜•(g), then
we have an isomorphism C˜•(g1 ⊕ g2) ≃ C˜
•(g1) ⊗ C˜
•(g2), so C
•(g) ≃ C•(k)⊗ dimg. As the
cohomology of C˜•(k) is 1-dimensional, concentrated in degree 1, the cohomology of C˜•(g) is
1-dimensional, concentrated in degree dim g. It follows that C•(g) is acyclic in every degree
6= dim g, and its cohomology in degree dim g has dimension ≤ 1. If ω ∈ ∧dimg(g) is nonzero,
then ω ⊗ 1 ∈ Cn(g) is a nontrivial cocycle, so the cohomology of C•(g) coincides with that of
C˜•(g). As U(g)1,0 ≃ U(g)0,1 (using the antipode), we have H
•(g, U(g)1,0) ≃ H
•(g, U(g)0,1).
When ǫ 6= ǫ′, (22) is the zero map. If ǫ = ǫ′, then the map k = H0(E•ǫ,ǫ) → H
0(g, U(g)ǫ,ǫ)
takes 1 to the class of 1 ∈ U(g)ǫ,ǫ (which is invariant, both under the trivial and the adjoint
actions of g on U(g)). 
End of proof of Theorem 4.1. One of the pairs (0, ǫ2), (ǫ2, ǫ3), ..., (ǫz+N , 1) necessarily co-
incides with (0, 1); call it (ǫi, ǫi+1). According to Proposition 4.1, the corresponding complex
E•ǫi,ǫi+1 is then acyclic. Lemma 4.6 and the Ku¨nneth formula then imply that A
•
σ is acyclic. This
being valid for any σ, the decomposition (17) then implies that A•z,N,1 is acyclic, as claimed.

5. Compatibility of quantization functors with twists
We first prove the compatibility of quantization functors of quasi-Lie bialgebras with twists
of quasi-Lie bialgebras; we derive from there the compatibility of quantization functors of Lie
bialgebras with twists of Lie bialgebra (a result which was obtained in [EH] in the case of
Etingof-Kazhdan quantization functors).
5.1. Twists of quasi-Lie bialgebras. Let QLBAf be the prop with the same generators as
QLBA with the additional f ∈ QLBAf (∧
2, id) and the same relations. This prop is N-graded,
if we extend the degree degµ+degδ in QLBA by |f | = 1.
We then have QLBAf (X,Y ) = QLBA(S(∧
2)⊗X,Y ). The filtration of QLBAf induced by
the degree is such that
QLBA≥nf (X,Y ) = ⊕k≥0QLBA
≥n−k(Sk(∧2)⊗X,Y ).
It follows that QLBAf (X,Y ) ⊂ QLBA
≥vf (|X|,|Y |)
f (X,Y ), where vf (|X |, |Y |) = inf{v(|X | +
2k, |Y |) + k, k ≥ 0} and v(|X |, |Y |) = 13 ||X | − |Y ||. As vf (|X |, |Y |) ≥ v(|X |, |Y |), QLBAf gives
rise to a topological prop QLBAf .
We have two prop morphisms κi : QLBA→ QLBAf , defined by
κ1 : µ, δ, ϕ 7→ µ, δ, ϕ,
κ2 : µ 7→ µ, δ 7→ δ +Alt2 ◦(idid⊗µ) ◦ (f ⊗ idid),
ϕ 7→ ϕ+
1
2
Alt3 ◦[(δ ⊗ idid) ◦ f + (idid⊗µ⊗ idid) ◦ (f ⊗ f)];
this is the universal version of the operation of twisting of a quasi-Lie bialgebra structure. The
prop morphisms κi extend to topological props.
Let (m,∆,Φ, ǫ, η) be a QSB in QLBA (i.e., a quantization functor of quasi-Lie bialgebras).
For i = 1, 2, set (mi,∆i,Φi, ηi, ηi) := κi(m,∆,Φ, ǫ, η). Then (mi,∆i,Φi, ǫi, ηi) are QSQB’s in
QLBAf .
Proposition 5.1. The QSQB’s (mi,∆i,Φi, ǫi, ηi) are related by equivalence and twist, i.e.,
there exists F ∈ QLBAf (1, S
⊗2) and i ∈ QLBAf (S, S) such that (ǫ ⊗ idS) ◦ F = (idS ⊗ǫ) ◦
F = η, F = inj⊗20 and i = idS mod QLBA
≥1
f , such that (m2,∆2,Φ2, ǫ2, η2) = i ∗ {F ⋆
(m1,∆1,Φ1, ǫ1, η1)}.
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This implies that the quantization functors of quasi-Lie bialgebras take a pair of quasi-Lie
bialgebras related by a classical twist to a pair of quasi-Hopf QUE algebras related by a quantum
twist.
Proof. As (µ, δ, ϕ) defines a quasi-Lie bialgebra structure on id on QLBAf , we have [µ ⊕
δ ⊕ ϕ, µ ⊕ δ ⊕ ϕ] = 0 (in CQLBAf ), so the bracket with µ ⊕ δ ⊕ ϕ defines a complex structure
on CQLBAf . This gives rise to cohomology groups H
i
QLBAf
, which are graded by the grading of
QLBAf .
Lemma 5.1. The canonical maps HiQLBAf → H
i
LBA are isomorphisms.
Proof of Lemma. As before, we will show that the relative complex is acyclic. This relative
complex is filtered by the powers of the ideal 〈ϕ〉f of QLBAf . The associated graded prop of
QLBAf w.r.t. this filtration is LBAα,f defined by LBAα,f (X,Y ) = LBAα(S(∧
2) ⊗ X,Y ) =
Coker[LBA(S(∧2) ⊗ S(∧3) ⊗ ∧4 ⊗ X,Y ) → LBA(S(∧2) ⊗ S(∧3) ⊗ X,Y )], induced by the
morphism S(∧2) ⊗ S(∧3) → S(∧2) ⊗ S(∧3) ⊗ ∧4, tensor product with idS(∧2) of S(∧
3) →
S(∧3)⊗2 → ∧3⊗S(∧3)
[Alt4 ◦(δ⊗id
⊗2
id
)]⊗id
S(∧3)
→ ∧4⊗S(∧3) (the first morphism is the coproduct in
S, the second morphism is the projection S(∧3)→ ∧3). The associated graded complex of the
relative complex is the positive degree part of CLBAα,f , w.r.t. the degree on LBAα,f induced
by the filtration, i.e., for k ≥ 0, the degree k part of LBAα,f (X,Y ) is Coker[LBA(S(∧
2) ⊗
Sk−1(∧3)⊗ ∧4 ⊗X,Y )→ LBA(S(∧2)⊗ Sk(∧3)⊗X,Y )]; by convention S−1(∧3) = 0.
For k > 0, the degree k part of the associated graded complex has the form Cp,qQLBAf {k} =
Coker[LBA(S(∧2)⊗Sk−1(∧3)⊗∧4⊗∧p+1,∧q+1)→ LBA(S(∧2)⊗Sk(∧3)⊗∧p+1,∧q+1)] (p, q ≥
−1), equipped with the differential [µ ⊕ δ,−]. For k > 0, both S(∧2) ⊗ Sk−1(∧3) ⊗ ∧4 and
S(∧2) ⊗ Sk(∧3) are sums of Schur functors of positive degrees, so Theorem 4.1 implies that
the lines of Cp,qQLBAf {k} are acyclic, so for each k > 0, this complex is acyclic. So the relative
complex Ker(CQLBAf → CLBA) is acyclic. 
End of proof of Proposition 5.1. Recall that we have a prop morphism π : QLBA → LBA
defined by π : µ, δ, ϕ 7→ µ, δ, 0. We also have a prop morphism πf : QLBAf → LBA, defined by
πf : µ, δ, ϕ, f 7→ µ, δ, 0, 0. These morphisms extend to topological props and satisfy πf ◦ κi = κ
for i = 1, 2.
Then πf (mi,∆i,Φi, ǫi, ηi) = πf ◦κi(m,∆,Φ, ǫ, η) = π(m,∆,Φ, ǫ, η) for i = 1, 2. The classical
limits of (mi,∆i,Φi, ǫi, ηi) are (µ, δ, Z) for i = 1, 2 (as the additional terms Alt2 ◦(idid⊗µ) ◦
(f ⊗ idid),
1
2 Alt3 ◦[(δ ⊗ idid) ◦ f + (idid⊗µ⊗ idid) ◦ (f ⊗ f)] have degree > 1).
As in the proof of Theorem 2.1 (Subsection 2.5), Lemma 5.1 implies that two QSQB’s in
QLBAf with the same image in LBA and the same classical limit are related by twist and
equivalence. It follows that (mi,∆i,Φi, ǫi, ηi) (i = 1, 2) are related by twist and equivalence.

5.2. Twists of Lie bialgebras. In [EH], we introduced the prop LBAf of Lie bialgebras with
a twist; its generators are µ, δ, f ∈ LBAf (1,∧
2) and its relations as the same as the relations
of LBA, together with Alt3 ◦[(δ ⊗ idid) ◦ f + (idid⊗µ ⊗ idid) ◦ (f ⊗ f)] = 0. We defined prop
morphisms κ0i : LBA→ LBAf by κ1 : µ, δ 7→ µ, δ and κ2 : µ, δ 7→ µ, δ + Alt2 ◦(idid⊗µ) ◦ (f ⊗
idid).
Let (m0,∆0, ǫ0, η0) be a QSB in LBA, quantizing (µ, δ) (i.e., a quantization functor of Lie
bialgebras). Set (m0i ,∆
0
i , ǫ
0
i , η
0
i ) := κ
0
i (m0,∆0, ǫ0, η0). These are QSB’s in LBAf .
Proposition 5.2. The QSB’s (m0i ,∆
0
i , ǫ
0
i , η
0
i ) are related by a and equivalence and a bialgebra
twist. More explicitly, there exists F0 ∈ LBAf (1, S
⊗2) and i0 ∈ LBAf (S, S), whose reduction
30 BENJAMIN ENRIQUEZ AND GILLES HALBOUT
mod LBA≥1f is inj
⊗2
0 and idS, such that (ǫ0 ⊗ idS) ◦ F0 = (idS ⊗ǫ0) ◦ F0 = η0, [η0 ⊗ F0] ∗
[(idS ⊗∆0)◦F0] = [F0⊗η0]∗[(∆0⊗idS)◦F0], and (m
0
2,∆
0
2, ǫ
0
2, η
0
2) = i0∗(m
0
1, F0∗∆
0
1∗F
−1
0 , ǫ
0
1, η
0
1).
Proof. There are uniquely defined prop morphisms π˜f : QLBAf → LBAf and π
0
f : LBAf →
LBA, such that π˜f : µ, δ, ϕ, f 7→ µ, δ, 0, f and π
0
f : µ, δ, f 7→ µ, δ, 0. We then have idLBA = π
0
f ◦κ
0
i
for i = 1, 2, κ0i ◦π = π˜f ◦κi, πf = π
0
f ◦π˜f . All the information on compositions can be summarized
in the commutative diagram
QLBA
κi→ QLBAf ցπf
↓π ↓π˜f LBA
LBA
κ0i→ LBAf րπ0f
together with the relations π = πf ◦κ1,2, idLBA = π
0
f ◦κ
0
1,2. These morphisms induce morphisms
between completed props.
According to Theorem 2.1, we may lift (m0,∆0, ǫ0, η0) to a QSQB (m,∆,Φ, ǫ, η) in QLBA
with classical limit (µ, δ, ϕ); this means that π(m,∆,Φ, ǫ, η) = (m0,∆0, η
⊗3
0 , ǫ0, η0). Set
(mi,∆i,Φi, ǫi, ηi) := κi(m,∆,Φ, ǫ, η),
then π(mi,∆i,Φi, ǫi, ηi) = (m
0
i ,∆
0
i , η
⊗3
i , ǫi, ηi).
Let then i, F be as in Proposition 5.1. Let i0 := π˜f (i), F0 := π˜f (F ). As F is a twist relating
Φ1 and i
−1 ∗Φ2, and as the images of Φ1, i
−1(Φ2) under π˜f are η
⊗3
1 , F0 is a twist relating η
⊗3
1
with itself, i.e., it satisfies the announced cocycle relation. The image under π˜f of the statement
that the (mi,∆i,Φi, ǫi, ηi) are related by (i, F ) is then that the (m
0
i ,∆
0
i , ǫ
0
i , η
0
i ) are related by
(i0, F0). 
Appendix A. Structure of the prop LBA
The following structure theorem of the prop LBA was proved in [E, Pos]. We reformulate
here this proof using the language of props. In [EH], we derived Proposition 3.1 from Theorem
A.1 below.
Theorem A.1. If F,G ∈ Ob(Sch), then the map ⊕Z∈Irr(Sch) LCA(F,Z)⊗LA(Z,G)→ LBA(F,G)
induced by composition and the prop morphisms LCA → LA, LBA → LA is a linear isomor-
phism.
Proof. It suffices to prove this when F,G ∈ Irr(Sch), and then (using the action of Sn,Sm)
for F = Tn, G = Tm. Using the cocycle relation, and the isomorphism of the l.h.s. with
⊕z≥0(LCA(Tn, Tz) ⊗ LA(Tz, Tm))Sz , one proves that the morphism is surjective. We now
prove that it is injective. We have
LBA(Tn, Tm) = ⊕a,b≥0|a−b=n−m LBA(Tn, Tm)[a, b] = ⊕z≥min(n,m) LBA(Tn, Tm)[z −m, z − n],
and the morphism is the direct of over z ≥ min(n,m) of the maps⊕Z∈Irr(Sch) ||Z|=z LCA(Tn, Z)⊗
LA(Z, Tm)→ LBA(Tn, Tm)[z−m, z−n]. It remains to show that each of the maps is injective.
There is a unique morphism LBA→ L(LCA) (the generators of LBA are µ, δ, the generator
of LCA is δLCA), taking µ to µfree : L
⊗2 → L and δ to the unique δfree : L→ L
⊗2, such that
id → L
δfree
→ L⊗2 is δLCA : id
δLCA→ id⊗2 → L⊗2 and δ ◦ µfree = ((µfree ⊗ idL) ◦ (idL⊗βL,L) +
idL⊗µfree) ◦ (δfree⊗ idL)+ (µfree⊗ idL+(idL⊗µfree) ◦ (βL,L⊗ idL)) ◦ (idL⊗δfree). The prop
LCA is Z-graded, with deg δLCA = 1, then the morphism LBA→ L(LCA) is compatible with
the morphism Z2 → Z, (1, 0) 7→ 0, (0, 1) 7→ 1.
We then have maps LBA(Tn, Tm)→ L(LCA)(Tn, Tm) = LCA(L
⊗n, L⊗m)→ LCA(Tn, L
⊗m),
where the last map is induced by id → L, which restrict to LBA(Tn, Tm)[z − m, z − n] →
LCA(Tn, L
⊗m)[z − n] = LCA(Tn, (L
⊗m)z), where the index z denotes the (Schur functor)
degree z part.
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Lemma A.1. If X is any prop and F ∈ Ob(Sch), we have an isomorphism X(F, (L⊗m)z) ≃
⊕Z∈Irr(Sch),|Z|=zX(F,Z)⊗ LA(Z, Tm).
Proof of Lemma. We have isomorphisms LA(Tz, id) ≃ multilinear part of the free Lie algebra
in z ordered generators ≃ Sch(Tz, Lz). So if |Z| = z, LA(Z, id) ≃ Sch(Z,Lz), which may be
expressed as Lz = ⊕|Z|=z LA(Z, id)⊗ Z.
So
X(F, (L⊗m)z) = ⊕z1+...+zm=zX(F,⊗
m
i=1Lzi)
= ⊕|Z1|+...+|Zm|=zX(F,⊗
m
i=1Zi)⊗ (⊗
m
i=1 LA(Zi, id))
= ⊕|Z1|+...+|Zm|=z,|Z|=zX(F,Z)⊗ Sch(Z,⊗
m
i=1Zi)⊗ (⊗
m
i=1 LA(Zi, id))
= ⊕|Z|=zX(F,Z)⊗ LA(Z, Tm),
where the last equality follows from LA(Z, Tm) = ⊕Z1,...,Zm∈Irr(Sch) |
P
i |Zi|=z
Sch(Z,⊗iZi) ⊗
⊗i LA(Zi, id), for Z ∈ Ob(Sch) (see [EH]). 
End of proof of Theorem. We have constructed a map LBA(Tn, Tm)[z − m, z − n] →
⊕Z∈Irr(Sch),|Z|=z LCA(Tn, Z) ⊗ LA(Z, Tm), and one proves that is a section of the morphism
⊕Z∈Irr(Sch) ||Z|=z LCA(Tn, Z) ⊗ LA(Z, Tm) → LBA(Tn, Tm)[z − m, z − n], which is therefore
injective. 
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